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Abstract. Motivated by recent developments in generalized Kähler geometry, we study morphisms
of double Lie groupoids from a simplicial viewpoint. We show that the codiagonal functor ĎW extends
from objects to horizontal and vertical principal bibundles and to square-shaped (1, 1)-morphisms.
The latter determine 2-dimensional morphisms of square and globular shape between anafunctors
of Lie 2-groupoids. We illustrate these constructions through two applications:

First, we revisit the equivalence between two models of nonabelian gerbes: groupoid bundle
gerbes and principal 2-bundles. We show that a principal 2-bundle and its associated groupoid
bundle gerbe determine equivalent anafunctors from a manifold to the corresponding structure Lie
2-group.

Second, we refine the integration of Manin triples in transitive Courant algebroids. We show
that integrations associated with different choices of suitably transverse Manin triples in the same
Courant algebroid are related by symplectic Morita equivalences. Consequently, the resulting inte-
gration of the background Courant algebroid is well defined up to symplectic Morita equivalence.
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1. Introduction

In differential geometry, singular spaces such as the leaf spaces of foliations or orbit spaces of
Lie group actions may be described using smooth objects called Lie groupoids. When a Lie group
action preserves a foliation, it induces an action on the leaf space; taking the quotient of the leaf
space by this action combines these two sources of singularity. Double Lie groupoids serve to
describe such iterated or double quotients: they consist of a space of objects, horizontal and vertical
arrows, and squares whose boundary edges are these arrows, with compatible horizontal and vertical
composition, see Fig. 1.

G00

G01

G10

G11

Figure 1. Pictorial representation of the elements of a double groupoid G.

Besides their role in modeling such spaces, double (Lie) groupoids play an important role in
algebraic topology [BHS11], higher gauge theory [MP11; BS07], and Lie theory [Wei88; LW89;
Mac92]; more recently, they have become essential for describing generalized Kähler classes and
their corresponding metrics [ÁGJ24]. The square pattern for double Lie groupoids reappears at
the level of morphisms. In the double bicategory constructed in [ÁGJ24], horizontal and vertical
principal bibundles are called (1, 0)- and (0, 1)-morphisms, respectively, while the square-shaped
cells are called (1, 1)-morphisms.

The constructions of [ÁGJ24] raise two natural questions: how the symplectic (1, 1)-morphisms
arising in generalized Kähler geometry relate to the more general problem of integrating Manin
triples, and how the horizontal, vertical, and square-shaped morphisms introduced there fit into the
existing theory of higher principal bundles and nonabelian gerbes. In this paper we answer both
questions. For the first, we show that, under suitable hypotheses, different choices of Manin triples
within the same transitive Courant algebroid determine symplectic double Lie groupoids related
by a symplectic (1, 1)-morphism. This extends the comparison underlying the generalized Kähler
construction and shows that the resulting integrations of the Courant algebroid are symplectically
Morita equivalent. For the second, we show that a principal 2-bundle and its associated groupoid
bundle gerbe are related by a (1, 1)-morphism, giving an explicit geometric comparison between these
two models of nonabelian gerbes. The common mechanism behind these results is an extension of
the codiagonal functor ĎW , introduced in [AM66], to generalized morphisms of double Lie groupoids.

Under a suitable smooth filling condition, the codiagonal functor takes a double Lie groupoid to
a simplicial manifold known as a Lie 2-groupoid [MT11]. In this work, we limit our attention to
those double Lie groupoids which satisfy such a condition and we call them full. With a complete
description of higher morphisms for double groupoids now available, we can continue the work
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initiated in [MT11]. We show that ĎW extends to a morphism from the double bicategory of full
double Lie groupoids and principal bibundles to a suitable double bicategory of Lie 2-groupoids and
anafunctors. The correspondence between horizontal and vertical morphisms of double Lie groupoids
and anafunctors of Lie 2-groupoids determined by ĎW reveals another instance of the subtle interplay
between the vertical and horizontal structures of a bisimplicial manifold. Just as ĎW maps a double
Lie groupoid to a Lie 2-groupoid only when the double Lie groupoid is full, a morphism of double
Lie groupoids that is levelwise a hypercover in the vertical or horizontal groupoid direction remains
a hypercover under ĎW only if an additional filling condition is satisfied. We refer to this condition
as fullness for vertical or horizontal hypercovers. In the case considered here, this filling condition is
automatically satisfied for the morphisms of double Lie groupoids determined by principal actions
of full double Lie groupoids on multiplicative bibundles. In fact, fullness also enters the picture
when showing that a (1, 1)-morphism gives rise to a double anafunctor, by applying the biaction
groupoid construction.

Lie 2-groups provide natural examples of double Lie groupoids, serving as the structure groups
for categorified principal bundles — also known as nonabelian gerbes — in higher gauge theory
[BS07; MP11; GS15]. While it is known that various definitions of nonabelian gerbes are related
by higher categorical equivalences [NW13], making these relationships more explicit is desirable in
order to obtain a clearer picture of the theory. Here, we show that a principal 2-bundle and its
associated groupoid bundle gerbe are explicitly related by a (1, 1)-morphism. Consequently, under
the ĎW functor, they yield equivalent anafunctors (or generalized morphisms) into the correspond-
ing structure Lie 2-group. This explicit correspondence paves the way for a unified treatment of
connective structures on these equivalent objects.

Symplectic double Lie groupoids for Manin triples inside transitive Courant algebroids were
constructed in [Alv23] under natural integrability assumptions. Applying ĎW to these symplectic
double Lie groupoids yields 2-shifted symplectic Lie 2-groupoids that integrate the background
Courant algebroid [Alv23; CZ23; MT11]. We show that different choices of suitably transverse
Manin triples within the same Courant algebroid canonically generate a symplectic (1, 1)-morphism
of symplectic double Lie groupoids. Consequently, applying ĎW yields symplectic Morita equivalences
between the corresponding integrations of the background Courant algebroid. In hindsight, this
explains the natural appearance of (1, 1)-morphisms in generalized Kähler geometry, where the
relevant Courant algebroids are exact, and clarifies how deforming a Manin triple by a pair of
suitable Maurer-Cartan elements reflects at the global level in the integration of the corresponding
Courant algebroid by a 2-shifted symplectic 2-groupoid.

Interpretation and outlook. As a comment on our results in the context of localization, let
us mention that the construction in Theorem 4.10 retains the square shape of (1, 1)-morphisms; on
the other hand, we show in Theorem 4.13 that the same data determines a diagram of the form:

K•,• D• H•,• ĎWC̃v ×ĎWH
ĎWD̃h

B• Ω C• ĎWG ĎW ˜̃
Ω ĎWK

J•,• A• G•,• ĎWÃh ×ĎWJ
ĎWB̃v

∼ ∼

∼

∼∼
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This globular 2-morphism can be interpreted in different ways, a comprehensive comparison of
which we leave to future work:

• A representative of a 2-morphism in the bicategory of fractions with respect to weak equiv-
alences in the sense of Pronk [Pro96; Tom16; PS22]. This is a bicategorical localiza-
tion of the bicategory of Lie 2-groupoids with mapping spaces the fundamental groupoids
Π1Maps(X,Y ).
• A span of morphisms of anafunctors in the category SpanHC−1(X,Y ) with objects anafunc-

tors between X and Y and morphisms commutative diagrams of the form:

(1)
Z

X Y

Z ′

∼
∼

∼

The nerve of this category of spans is shown to compute (up to weak homotopy equiva-
lence) the mapping spaces of the Dwyer-Kan localization of the simplicial category of Lie
2-groupoids in [RZ20, §2.2, §7.2.1].

Our choice of examples is guided by the desire to provide a global definition of the Courant sigma
model [Roy07]. In standard gauge theory, formulating global Chern–Simons theory requires moving
beyond local connection 1-forms to study a global moduli space of principal bundles for a chosen Lie
group [Fre95]. Similarly, promoting the Courant sigma model to a global topological field theory
requires two components: an integration of the background Courant algebroid serving as the global
target space and a definition of the categorified gauge fields mapping into it. Our two applications
are closely related to these two components: the first concerns the configuration space of fields,
described by principal 2-bundles and groupoid bundle gerbes, for a Lie 2-group target, while the
second controls the global target geometry through integrations of a Courant algebroid.
Structure of the paper. In §2, we review the standard theory of higher Lie groupoids, Morita
equivalences and generalized morphisms in the context of localization. We specifically review local-
izations by bibundles and by anafunctors and how to pass between these in the case of Lie groupoids.
Finally we construct a double bicategory whose horizontal and vertical morphisms are anafunctors
and whose square-shaped cells are double anafunctors. In §3, we review the double bicategory of
double Lie groupoids and principal bibundles based on the definitions introduced in [ÁGJ24], and
show how to convert this into a double bicategory of anafunctors for (full) double Lie groupoids.
In §4, we establish the compatibility of ĎW with the different higher categories of anafunctors. The
main results are Theorems 4.10 and 4.13, which describe the two constructions obtained by applying
ĎW to (1, 1)-morphisms of double Lie groupoids.

These results are applied in §5, where we show that a principal 2-bundle for a Lie 2-group and its
associated groupoid bundle gerbe as in [NW13] form two sides of a (1, 1)-morphism from a manifold
to the structure Lie 2-group. Applying ĎW to this (1, 1)-morphism produces a pair of equivalent
anafunctors.

Finally, in §6, we show that four suitably transverse integrable Dirac structures in a transitive
Courant algebroid determine a symplectic (1, 1)-morphism relating the corresponding symplectic
double Lie groupoids, following [ÁGJ24; Alv23]. Consequently, ĎW sends this diagram to a diagram
relating the 2-shifted symplectic Lie 2-groupoids that integrate the background Courant algebroid.
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2. Higher Lie groupoids and 2-categories of anafunctors

In this article we focus on the category of (real) smooth manifolds Mfd with the Grothendieck
singleton pretopology of surjective submersions.

2.1. Simplicial manifolds and Lie n-groupoids. We begin by recalling the fundamental notions
of higher Lie groupoids and hypercovers. Our references for this are mainly [Hen08; Get09; Zhu09a;
BG17; RZ20; dHOS24].

A simplicial manifold X is a contravariant functor from ∆, the category of finite ordinals
[0] = {0}, [1] = {0, 1}, . . . , [n] = {0, 1, . . . , n}, . . . with order-preserving maps, to Mfd, the category
of smooth manifolds and smooth maps. The morphisms in the category ∆ are all generated by two
sets of maps which satisfy the so-called cosimplicial identities: the coface maps δni : [n− 1]→ [n],
which are the unique inclusions skipping i, for 0 ≤ i ≤ n and the codegeneracy maps σn

i : [n+1]→
[n], which are the unique surjections identifying i and i+ 1.

Therefore, a simplicial manifold X consists of a series of manifolds Xn, face maps dni : Xn → Xn−1

and degeneracy maps sni : Xn → Xn+1, for i = 0, . . . , n satisfying the following simplicial identities

(2)
dn−1
i dnj = dn−1

j−1 d
n
i if i < j,

sni s
n−1
j = snj+1s

n−1
i if i ≤ j,

dni s
n−1
j =


sn−2
j−1 d

n−1
i if i < j,

id if i = j, j + 1,
sn−2
j dn−1

i−1 if i > j + 1.

From now on, we drop the upper indices and write instead di and si for simplicity. A simplicial
map f ∈ Hom(X,Y ) is a natural transformation, or in other words, a family of smooth maps
fn : Xn → Yn that intertwine the face and degeneracy maps on X and Y .

Simplicial sets, i.e. functors ∆op → Set, can be seen as discrete simplicial manifolds. The
standard n-simplex ∆n := ∆(_, [n]) is an example.

An n-simplex in X is a point x ∈ Xn. Alternatively, by the Yoneda lemma, this can be seen
as a simplicial map x : ∆n → X. Since the combinatorics of the simplicial structure of X encode
the geometry of the simplex, it is helpful to think of a map K → X for K a simplicial set, as a
simplicial diagram of shape K in X. The space of simplicial diagrams of shape K in X is
denoted by hom(K,X). Ideally we would like to consider this as a smooth manifold, but this is not
always possible, due to the nature of hom(K,X) as the limit of the diagram

(3) hom(K,X)→
∏
k≥0

Mfd(Kk, Xk)⇒
∏

[m],[n]∈∆
f∈∆([m],[n])

Mfd(Kn, Xm).

https://tikzit.github.io
https://q.uiver.app
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Indeed, this limit may not always exist in Mfd. However, this limit always exists, when considering
the diagram in a complete category in which Mfd is embedded by a functor that preserves and
reflects limits. The usual choices are: PSh(Mfd), the category of presheaves over Mfd, in which Mfd
is embedded via the Yoneda embedding; or Top, the category of topological spaces, in which Mfd
is embedded by the forgetful functor. In the first case, when hom(K,X) is the Yoneda embedding
of a manifold, we say it is representable, while in the second one, when hom(K,X) is a smooth
manifold in the right topology, we simply say it is smooth. These are equivalent, so in the following
we make the choice to say hom(K,X) is smooth, when it is a smooth manifold. The first approach
was used for example in [Hen08; Zhu09a; Li14; RZ20; Ron25], while the second one appears in
[dHOS24].

There are two choices of K that are fundamental in the following: the m-boundary ∂∆m and
the (m, j)-horn Λm

j . The boundary ∂∆m is the simplicial subset obtained from the m-simplex ∆m

by removing the interior, i.e. the unique non-degenerate m-simplex 01 . . . (m− 1)m ∈ ∆m
m (and all

of its degeneracies). The horn Λm
j is obtained from the m-boundary by additionally removing the

j-th face 01 . . . (j − 1)(j + 1) . . .m ∈ ∆m
m−1 (and all of its degeneracies). Therefore

Λm
j ⊂ ∂∆m ⊂ ∆m.

More precisely,
(∂∆m)l = {f ∈ (∆m)l | Im f ⊉ {0, . . . ,m}} ⊆ ∆m

l ,

(Λm
j )l = {f ∈ (∆m)l | Im f ⊉ {0, . . . ,pj, . . . ,m}} ⊆ (∂∆m)l ⊆ ∆m

l .

In particular ∂∆0 = Λ0
0 = ∅. The spaces of horn and boundary shaped simplicial diagrams are

the (m, j)-horn space Λm
j (X) := hom(Λm

j , X) and the m-boundary space (or matching space)
∂∆m(X) := hom(∂∆m, X). To give some intuition, ∂∆m(X) is the space of all possible boundaries
of m-simplices in X. In the same way, Λm

j (X) is the space of all possible configurations of (m− 1)-
simplices in the shape of an (m, j)-horn that exist in X. Some of these are pictured in Figure
2.

Λ1
0 Λ1

1 Λ2
0 Λ2

1 Λ2
2 Λ3

0 Λ3
1

0 1 0 1

2

0 1

2

0 1

2

0 1

2 3

0 1

2 3

Figure 2. A few low-dimensional horns. The dotted faces denote boundaries of
triangles without interior.

Definition 2.1. A higher Lie groupoid is a simplicial manifold X such that the horn spaces
Λm
j (X) are smooth and the horn projections

pmj : Xm → Λm
j (X)
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induced by the inclusion Λm
j ↪→ ∆m are surjective submersions for all m ≥ 0, 0 ≤ j ≤ m. If,

additionally, pmj are diffeomorphisms for all m > n, 0 ≤ j ≤ m, we say X is a Lie n-groupoid.
A morphism of higher Lie groupoids is a simplicial map. We denote the category of Lie
n-groupoids by LienGpd. Its hom-sets are then SMfd(X,Y ).

We usually think of these conditions as horn filling conditions, i.e. for any diagram on the left of
Figure 3, there is a diagram on the right. This is convenient in pictorial proofs. Of course, in the
smooth case, one needs to make sure that the right-to-left map is actually a surjective submersion.

0

0

1

0 2

1

0

1

2

3

X1

Λ2
1(X) X2 Λ3

1(X) X3

2

p21

0 1

p10 = d11

0

1

2

3
p31

Λ1
0(X) = X0

Figure 3. Some horn filling conditions.

Example 2.2. A Lie groupoid in the usual sense can be seen as a Lie 1-groupoid by identifying
it with its nerve. We implicitly perform this identification all throughout this article. In partic-
ular, a smooth manifold can be seen as a Lie 0-groupoid, by identifying it with the nerve of its
identity groupoid. For a detailed description of a Lie 2-groupoid as an object with a set of ternary
multiplications on it see [Zhu09a, Prop.-Def. 2.16]. For this perspective in the case of general Lie
n-groupoids see [Ron25, Prop. 1.2.67].

The category of Lie n-groupoids has the natural structure of a simplicial category, that is, a
category in which mapping spaces Maps(X,Y ) are simplicial sets and the structure maps of the
category are compatible with this structure (see e.g. [Lur26, Tag 00JQ]). We recall the main points
of this notion and refer for example to [Ron25, §1.1.2] and references therein for more details on
the definition of mapping space and its interpretation. Our goal here is to recall the bicategorical
structures of the full subcategories of Lie 1-groupoids and Lie 2-groupoids, respectively.1 These turn
out to be (2,1)-categories, i.e. bicategories in which all 2-morphisms are invertible.

Definition 2.3. Let K be a levelwise finite simplicial set, and X be a simplicial manifold. We
denote by X ⊗K the simplicial manifold defined at each level by

(X ⊗K)m :=
∐

r∈Km

Xm,

1Importantly, the subcategory of Lie 2-groupoids would naturally be a tricategory, so we perform a truncation in
this case.

https://kerodon.net/tag/00JQ
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This is known as the copowering. As a simplicial set, it is simply X ×K. The mapping space
between two simplicial manifolds X and Y is the simplicial set defined at each level by

Maps(X,Y )m = SMfd(X ⊗∆m, Y ).

The fact that Maps(X,Y ) between Lie n-groupoids has a natural structure of a simplicial set
can be interpreted as the fact that there are higher dimensional morphisms between morphisms. In
fact, simplicial maps X ⊗∆1 → Y are homotopies between morphisms X → Y (the 0-simplices),
and simplicial maps X ⊗∆n → Y are higher homotopies between homotopies. It is important to
note that even if X is a Lie n-groupoid, X ⊗∆n is generally just a simplicial manifold.

In particular, for Lie 1-groupoids, a straightforward computation shows that 1-homotopies be-
tween simplicial maps are the same as natural transformations between functors, when seeing the
Lie 1-groupoids as internal categories in Mfd. These turn out to be equivalent to the data of a
map X0 → Y1 satisfying the naturality conditions. For Lie 2-groupoids, a similar interpretation is
possible, as it was proven in [Dus01, §7] that they are nerves of bigroupoids, see e.g. [dHS19, Prop.
3.3], [BFB05, Prop. 4.4].

By extending a classical result in the theory of simplicial sets ([May67, Thm. 6.9]), as in [RZ26,
Lemma 3.18], we have that the mapping space Maps(X,Y ) between Lie groupoids is a groupoid.
Therefore, we naturally obtain a (2,1)-category of Lie groupoids, as all the 2-morphisms are arrows
of their respective hom-groupoids, and thus invertible. This can also be seen by noticing that when
2-morphisms are interpreted as natural transformations, they take values in Y1, so they are invertible
pointwise. We denote the (2,1)-category of Lie groupoids, functors and natural transformations by
LieGpd.

For the same reason, Lie 2-groupoids naturally form a (3,1)-category, because when X and Y
are Lie 2-groupoids, Maps(X,Y ) is a 2-groupoid. To obtain a (2,1)-category, we truncate each
mapping space by taking its fundamental groupoid Π1Maps(X,Y ). This forces us to effectively
consider 2-morphisms as natural transformations up to modifications, i.e. the 3-morphisms in this
category. By abuse of notation, we denote the (2,1)-category of Lie 2-groupoids, simplicial maps
(2-functors) and 1-homotopies (natural transformations) up to 2-homotopies (modifications) by
Lie2Gpd. Occasionally, we will refer to LienGpd for general n as a bicategory. By this we mean the
bicategory obtained by taking the hom-spaces Π1Maps.

2.2. Hypercovers and Morita equivalences. We recall the following notion of generalized iso-
morphism between higher Lie groupoids, which serves to express when two of them model the same
higher differentiable stack, as we discuss below.

Definition 2.4. Let ∂ : Xk → ∂∆k(X) be the canonical boundary projection ∂ = (d0, . . . , dk). A
morphism f : X → Y between Lie n-groupoids is a hypercover if the conditions Acyc(k) hold for
all 0 ≤ k < n and Acyc!(n) holds. These conditions are:

• Acyc(k): The space ∂∆k(X)×f,∂∆k(Y ),∂ Yk is smooth, and the map

(∂, f) : Xk → ∂∆k(X)×f,∂∆k(Y ),∂ Yk

is a surjective submersion.
• Acyc!(n): The space ∂∆n(X)×f,∂∆n(Y ),∂ Yn is smooth, and the map

(∂, f) : Xn → ∂∆n(X)×f,∂∆n(Y ),∂ Yn
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is a diffeomorphism.

We denote hypercovers by the notation
∼
↠. We picture the spaces ∂∆k(X)×∂∆k(Y ) Yk for low k in

Figure 4.

While the space ∂∆k(X) ×∂∆k(Y ) Yk may generally not be a manifold because it is obtained as
a limit similar to (3), it can be shown recursively that it is, provided f satisfies Acyc(k − 1), see
e.g. [Zhu09a, Lemma 2.4]. Additionally, if a map f : X → Y between Lie n-groupoids satisfies
the conditions in our definition of hypercover, then it satisfies the condition Acyc!(k) for all k >
n, as well. Particularly, there is no distinction between hypercovers of simplicial manifolds and
hypercovers of Lie n-groupoids. See e.g. [Zhu09b, Lemma 3.9].

Y0 ∂∆1(X)×∂∆1(Y ) Y1 ∂∆2(X)×∂∆2(Y ) Y2

Figure 4. The target spaces appearing in the conditions Acyc(k) and Acyc!(k) for
k = 0, 1, 2. The dotted arrows represent f : they connect a point in X to its image
in Y . The shaded triangle is a 2-simplex with interior, as opposed to a boundary.

In the incomplete category of fibrant objects of higher Lie groupoids, as defined in [RZ20], hyper-
covers are at the same time weak equivalences and also Kan fibrations, and they are precisely the
acyclic fibrations [RZ20, Prop. 6.7], hence the arrow notation. Weak equivalences in this setting
are characterized by conditions similar to (but generally weaker than) those defining hypercovers,
as in [RZ20, Prop. 7.16]. Additionally any weak equivalence factors as a span of hypercovers due
to the factorization Lemma [RZ20, Prop. 2.5], so we define the following equivalence relation.

Definition 2.5. Two Lie n-groupoids X and Y are Morita equivalent if there exists a third Lie
n-groupoid Z and a span of hypercovers

X
∼
↞ Z

∼
↠ Y.

This generates an equivalence relation, which coincides with the one generated by spans of weak
equivalences.

Example 2.6. Weak (i.e. Morita) equivalences of Lie groupoids are “smooth” categorical equiva-
lences [MM05; dHoy13]. A hypercover of Lie 1-groupoids is in particular a categorical equivalence, as
Acyc(0) implies surjectivity on objects, which is stronger than essential surjectivity, while Acyc!(1)
is the condition of full faithfulness.
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Remark 2.7. Hypercovers satisfy the following properties (see e.g. [Wol16, Thm. 2.12], [Zhu09a,
§2]):

(H1) Isomorphisms are hypercovers.
(H2) Hypercovers are closed under composition: the composition of two hypercovers is a hyper-

cover.
(H3) Hypercovers are closed under pullback (also called base change): If X

∼
↠ Y ← Z is a

diagram of Lie n-groupoids in which the map X
∼
↠ Y is a hypercover, then the pullback

X ×Y Z exists, is a Lie n-groupoid and the map X ×Y Z
∼
↠ Z is a hypercover.

X ×Y Z Z

X Y

∼

⌟

∼

2.3. Localization. It is a well-known fact in the theory of Lie groupoids that Morita equivalence
classes of Lie groupoids correspond one-to-one with isomorphism classes of differentiable stacks. To
make this precise as a correspondence of bicategories, one needs to extend the bicategory of Lie
groupoids to a bicategory where Morita equivalences are invertible. This procedure is known as
localization (see e.g. [Lur26, Tag 01M4]).

Definition 2.8. Let C be a category and W a class of morphisms. A category D with a functor
L : C→ D is a localization of C at W if L maps morphisms inW to isomorphisms in D and (D, L)
is universal with this property: for any other functor L′ : C → D′ that sends W to isomorphisms,
L′ factors uniquely as F ◦ L for a unique functor F : D→ D′.

A 1-morphism f : X → Y in a bicategory C is an equivalence if there exist a 1-morphisms g
and invertible 2-morphisms f ◦ g =⇒ idY , g ◦ f =⇒ idX .

If C is a bicategory, a localization of C at a class of 1-morphisms W is a bicategory D
equipped with a 2-functor2 L : C → D that maps 1-morphisms in W to equivalences and L is
universal with this property. The same process can also be defined for simplicial categories and
more general ∞-categories.

Clearly, because localizations are defined by a universal property, they are not unique, but any
two localizations are equivalent as categories or bicategories. In fact, localizations of Lie groupoids
that make Morita equivalences invertible can be constructed in several different ways:

(1) by left/right-principal bibundles, which are also known as Hilsum-Skandalis (HS) morphisms,
(2) by calculus of fractions with respect to weak equivalences W [Pro96; Tom16; PS22],
(3) by anafunctors [Mak96; Bar06; Rob12].

These different approaches and partial comparisons between them can be found for example in the
references [MM05; Blo08; Zhu09a; dHoy13; Rob12; MZ15; Tom16; FSW24]. For the correspondence
with differentiable stacks in particular, see [Pro96; BX11; Blo08; dHoy13]. Generally, localizations
encounter size and choice issues: localizations of locally small categories may not be locally small,
and some procedures may require choices of pullbacks. For these more abstract issues we refer
to [Rob16; Tom16; PS22], and references therein. In the present work, we mainly use approaches
1 and 3 for Lie groupoids, a good comparison of which can be found in [MZ15], and approach

2I.e. a morphism of bicategories [Bén67]. These are sometimes referred to as pseudofunctors.

https://kerodon.net/tag/01M4


MORPHISMS OF DOUBLE LIE GROUPOIDS: A SIMPLICIAL APPROACH 11

3 for Lie 2-groupoids, though we make no claim of whether this is indeed a localization of the
bicategory Lie2Gpd ([Rob12, Thm 7.2] only works for bicategories of internal categories such as Lie
1-groupoids). We also recall the definition of morphisms of anafunctors of Lie 2-groupoids in the
more general bicategory obtained by approach 2, as these appear in Theorem 4.13.

Remark 2.9. Hilsum-Skandalis (HS) morphisms were also constructed for Lie 2-groupoids in [Li14],
but we do not need them in the present discussion. A way to extend HS morphisms of Lie groupoids
to the case of higher Lie groupoids and to construct generalized morphisms of higher Lie groupoids
modeled on principal n-bibundles is the subject of the upcoming work [BKZ26]. Analogously to
the Lie groupoid case, it is shown there that biprincipal bibundles, spans of weak equivalences, and
spans of hypercovers all provide equivalent ways to define Morita equivalences of Lie n-groupoids.

Remark 2.10. In [GS15], the authors show that hypercovers form a left multiplicative system
for the category of strict Lie 2-groupoids. Hence, they produce a localization of this category by
hypercovers. To localize the bicategory of Lie 2-groupoids at the class of hypercovers H and obtain
a bicategory, one would additionally need to check BF1, BF4, and BF5 from [Pro96]. Note that
BF1 does not literally hold, but it can be replaced by the standard weakening of BF1 requiring only
identity morphisms to belong to the class H (see [Tom16], [PS22, § 2]). On the other hand, BF4 can
be shown to hold for hypercovers, but the condition BF5 is that H is closed under 2-isomorphisms,
which is not generally true. Consider for example the pair groupoid P (M) := M ×M ⇒ M of a
manifold M with more than one point. The identity idP (M) is a hypercover. Consider now the map
cp : P (M)→ P (M) induced by the constant map M → ∗ →M , that sends each point of M to the
same point p ∈M . There is a 2-isomorphism α : idP (M) =⇒ cp given by the map

M −→M ×M, x 7−→ (x, p) : x→ p,

but cp is clearly not a hypercover, though it is a weak equivalence. Nevertheless, one can extend the
class of hypercovers by adding those weak equivalences that are 2-isomorphic to the hypercovers,
thus forming the completed class sH. This class then admits a calculus of fractions. Either way,
the localization at sH ends up being equivalent to the localization at weak equivalences by the
factorization lemma.

Remark 2.11. Because of the equivalence of localizations of the category of Lie groupoids at
Morita equivalences and the category of differentiable stacks, localizations of the category of Lie
n-groupoids at Morita equivalences can be thought of as models for the category of differentiable
n-stacks. More general localizations of simplicial subcategories of Lie n-groupoids are discussed in
[RZ20, §2.2, §7.2.1]. See also [BG17] and references therein.

Definition 2.12. A Hilsum-Skandalis morphism (or HS bibundle) of Lie groupoids G
A
99K H

is a left-principal bibundle
H1 A G1

H0 G0,

↷

l r

↶

that is, a smooth manifold A with a moment map r : A → G0 on which G acts on the right and
a moment map l : A → H0 on which H acts principally on the left. In particular, r is a surjective
submersion. A HS bibundle which is also right principal is a Morita equivalence.
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The composition of two HS morphisms G
A
99K H

B
99K K is given by the K-G-bibundle (A ×H0

B)/H, where the quotient is taken with respect to the diagonal H-action h · (a, b) 7→ (h · a, b · h−1).
2-morphisms of HS bibundles are biequivariant maps. Any such map is in fact an isomorphism,
since equivariant maps of principal groupoid bundles are diffeomorphisms. With this data, we
obtain a (2,1)-category denoted Bun(LieGpd). Note, in fact, that well-definedness of composition,
associativity, and unitality of the trivial bibundle all hold up to natural invertible 2-morphisms. See
[MZ15, Thm. 7.15]. It can be readily shown that the equivalences in this bicategory are precisely
the biprincipal bibundles, i.e. the Morita equivalences. A proof that Bun(LieGpd) is a localization
can be found in [MM05, Thm. 2.11].

The anafunctor approach produces a smaller but equivalent localization to the calculus of fractions
method. In fact, we have that an anafunctor can be seen as a particular kind of 1-morphism in
the localization by calculus of fractions at weak equivalences. While 2-morphisms in the latter
are defined by equivalence classes, 2-morphisms of anafunctors can also be defined as particular
representatives of these. Since anafunctors can be defined in general for Lie n-groupoids of any order
n, we write the following definitions in general, but we will mostly be thinking of the bicategories
LieGpd and Lie2Gpd. We denote the anafunctor bicategory by Ana(LienGpd), and the calculus of
fractions one by LienGpd[W−1]. We will describe the 1- and 2-morphisms of Ana(LienGpd) and only
the 2-morphisms of LienGpd[W−1].

Definition 2.13. An anafunctor of Lie n-groupoids X 99K Y consists of a Lie n-groupoid Z and
a span X

∼
↞ Z → Y where the domain-side leg is a hypercover. By definition, a Morita equivalence

is then an anafunctor where both legs are hypercovers.

Because of properties (H2) and (H3) in Remark 2.7, anafunctors can be composed by the usual
pullback (fiber product) of simplicial manifolds as follows: If X

∼
↞ Z → Y and Y

∼
↞ Q → Y ′ are

two anafunctors, then their composition is given by the pullback

Z ×Y Q

Z Q

X Y Y ′,

∼ ⌟

∼ ∼

which is well defined up to canonical isomorphism. Associativity, and unitality for the identity
anafunctor X

id← X
id→ X both hold up to natural isomorphism, as well.

Definition 2.14. A 2-morphism of anafunctors in Ana(LienGpd) between X
∼
↞ Z → Y and

X
∼
↞ Z ′ → Y , is a natural transformation β between the maps Z ×X Z ′ → Z → Y and Z ×X Z ′ →

Z ′ → Y as in the following diagram:

(4)

Z

X Z ×X Z ′ Y

Z ′

∼

β

∼

∼∼

⌟
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A 2-morphism of anafunctors in LienGpd[W−1] between X
∼
↞ Z → Y and X

∼
↞ Z ′ → Y is

an equivalence class3 of diagrams of the form

(5)

Z

X Q Y

Z ′

f
∼

α β

q ∼

q′ ∼
f ′

∼

where the maps f ◦q and f ′◦q′ are hypercovers, and α, β are 2-morphisms in the bicategory LienGpd
that make the diagram commute. Note that q and q′ are not necessarily hypercovers, but they are
weak equivalences, by the 2-out-of-3 property.

Vertical composition of 2-morphisms in Ana(LienGpd) is straightforward: it is obtained by com-
posing natural transformations by pasting diagrams and using pullbacks when appropriate, to obtain
a diagram like (4) again. Horizontal composition is more involved and we refer to [Rob12; MZ15].
We refer to [Pro96] for the compositions of 2-morphisms in LienGpd[W−1]. A detailed discussion of
the choices required can be found in [Tom16].

Remark 2.15. In [FSW24, Lemma 34], it is shown that any 2-morphism of anafunctors between
action (1-)groupoids of the form (5) is equivalent to one of the form (4). To extend this result to
general Lie 2-groupoids would allow to rewrite (23) in Theorem 4.13 as an equivalent 2-morphism
in the form of (4). We leave this to future work. See also the comparison result [Tom16, Prop. 1.1],
which details a criterion for two 2-morphisms in LienGpd[W−1] to be representatives of the same
equivalence class.

Remark 2.16. In [CDW19], the authors show explicitly that Ana(LieGpd) is a (2,1)-category, i.e.
its hom-spaces are groupoids.

2.4. From bibundles to anafunctors of Lie groupoids. We now recall the biaction groupoid
construction which defines a 2-functor from Bun(LieGpd) to Ana(LieGpd). This is written in full in
[MZ15, §6.10] for this specific case. The construction also appears in [MM05, Theorem 2.11], where
it is used to prove the equivalence between Bun(LieGpd) and the Pronk bicategorical localization of
LieGpd at weak equivalences.

We begin by constructing an anafunctor of Lie groupoids from an HS bibundle. Let A and B be
Lie groupoids, and P : A 99K B a bibundle between them which is left principal (with respect to
the B-action) as in Definition 2.12. Then we construct the biaction groupoid P̃ by taking

P̃1 := B1 ×s,B0,l P ×r,A0,t A1, P̃0 := P,

s(b, p, a) = p · a, t(b, p, a) = b · p,
and whenever p′ · a′ = b · p, (b′, p′, a′)(b, p, a) = (b′b, b−1 · p′, a′a) = (b′b, p · (a′)−1, a′a).

(6)

We depict these structure maps in Figure 5.

3This equivalence relation is detailed in [Pro96, §2.3], [Tom16, p. 260]. We do not recall it here, as our discussion
only ever requires existence of single representatives. For a useful comparison criterion for 2-morphisms see [Tom16,
Prop. 1.1].
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s

t

b p a

b · p

p · a b′
p′ a′

b p
a

b′
p′ a′

b p
a

=

q = b−1 · p′ = p · (a′)−1

q

Figure 5. Source, target and multiplication of the biaction groupoid P̃ .

This construction gives a span of Lie groupoids B ← P̃
∼
↠ A, where the arrow r̃ to the right is a

hypercover, i.e. an anafunctor. The proof of this is a straightforward consequence of the principality
of the B-action.

Now starting from a biequivariant map α : P → Q, where Q is another HS bibundle from A to
B, we can produce a 2-morphism in Ana(LieGpd) in the following way:

B1 P A1 P̃

B0 A0 A P̃ ×A Q̃ B

Q Q̃

l r

α∼=

r̃
∼

l̃

α̃
·̃

∼

∼
l′ r′ r̃′

∼

l̃′

Here α̃ is the natural transformation represented by the map (P̃ ×A Q̃)0 → B1 given by α̃(p, q) = b,
for the unique b such that q = b · α(p). Such a b exists, is unique, and varies smoothly by the fact
that α is an equivariant isomorphism and principality of the B action on P and Q. Naturality can
be easily checked by the fact that α̃(b · p, b′ · q) = b′α̃(p, q)b−1.

After checking that compositions and units are preserved up to a canonical equivalence (i.e. an
invertible 2-morphism), by the biaction groupoid construction, one gets the following result.

Proposition 2.17 ([MZ15, Thm. 7.18]). The biaction groupoid construction defines a pseudofunc-
tor that is an equivalence of bicategories

·̃ : Bun(LieGpd) −→ Ana(LieGpd).

2.5. A double bicategory of anafunctors of Lie 2-groupoids. One can consider more general
kinds of 2-cells between anafunctors. For example, by considering square 2-cells, one can obtain a
double bicategory as defined in [Mor09, Def. 3.1.1]. Hence, we explain how to construct the double
bicategory 2Ana(LienGpd) from the bicategory Ana(LienGpd). We picture this in Figure 7.
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Definition 2.18. A double anafunctor of Lie n-groupoids is a commutative diagram

Z D Y

B Ω C

X A W

∼

∼

∼

∼ ∼
∼

where each of the spaces is a Lie n-groupoid and each span is an anafunctor. Note that we orient
double anafunctors with their horizontal sides pointing left and vertical sides pointing up, following
the conventions in [MT11; ÁGJ24].

A (2,1)-morphism of double anafunctors is a pair of double anafunctors with the same vertical
sides, and whose rows are each connected by a 2-morphism of anafunctors in Ana(LienGpd) as in
Figure 6. These three 2-morphisms are required to be compatible with the vertical structure maps
of the double anafunctors, by making the diagram commute.

A (1,2)-morphism of double anafunctors is a pair of double anafunctors with the same horizontal
sides, and whose columns are each connected by a 2-morphism of anafunctors in Ana(LienGpd) as
in Figure 6, with a compatibility condition analogous to the previous one.

(2, 1) (1, 2)

Z D′
• Z D Y

D ×Y D′

D Y B• Ω C•

B Ω′ B ×X B′ Ω×A Ω′ C ×W C ′

Ω×C Ω′ B′
• Ω′ C ′

•

Ω C

X A′

A×W A′ X A W

A W

Figure 6. (2,1) and (1,2)-morphisms of double anafunctors.

(1,1)-morphisms can be composed vertically and horizontally by composing the vertical or hor-
izontal spans, respectively. Both of these compositions are defined again up to canonical isomor-
phism, as they are defined in terms of pullbacks. More precisely, the horizontal composition is defined
up to a canonical (2, 1)-isomorphism, and the vertical one up to a canonical (1, 2)-isomorphism.
Similarly, (2, 1) and (1, 2)-morphisms can be composed in three different directions by using the
compositions of (1, 1)-morphisms or 2-morphisms. This double bicategory structure also includes
4-dimensional cells that are pictured as the (2, 2)-cells in Figure 7.

Definition 2.19. The double bicategory of anafunctors of Lie n-groupoids 2Ana(LienGpd) consists
of the following:
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• Its objects are Lie n-groupoids;
• Its horizontal ((1, 0)-) morphisms and vertical ((0, 1)-) morphisms are anafunctors. Mor-

phisms between these (i.e. (2, 0)-morphisms and (0, 2)-morphisms, respectively) are the
2-morphisms of anafunctors in Ana(LienGpd).
• Its (1, 1)-morphisms are the double anafunctors, and (2, 1)- and (1, 2)-morphisms are as in

Definition 2.18.
• (2, 2)-morphisms follow the schematic in Figure 7.

(0, 0) (1, 0) (2, 0)

(0, 1)

(0, 2)

(1, 1)

(1, 2)

(2, 1)

(2, 2)

Figure 7. A schematic of the double bicategory of anafunctors 2Ana(LienGpd). The
red lines indicate 2-morphisms of anafunctors. The dashed lines are only meant to
improve readability.

3. Double Lie groupoids

We begin by recalling the main definitions in [ÁGJ24, Sec. 2], which allow us to construct a
double bicategory Bun(LieGpd2) of double Lie groupoids with horizontal and vertical bibundles as
generalized morphisms. This double bicategory is a generalization of the bicategory of Lie groupoids
and HS bibundles Bun(LieGpd), and it is obtained by a process of localization by bibundles of the
category of double groupoids considered as internal Lie groupoids in the category of Lie groupoids
first in the horizontal and then in the vertical direction, thus giving two directions of morphisms.
This characteristic of double groupoids which makes one able to view them equivalently as internal
groupoids in one or the other direction gives rise to a concept of vertical/horizontal duality which
we make explicit in Remark 3.6. We then show that after restricting to full double groupoids, the
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biaction groupoid construction maps Bun(LieGpd2full) to a suitable double bicategory of anafunctors
of double groupoids Ana(LieGpd2full).

Definition 3.1. A double groupoid G is a groupoid object in the category of groupoids. We
depict this by a diagram

(7)
G11 G01

G10 G00,

t•1

s•1

s1• t1• s t

t

s

where each side represents a groupoid structure and all structure maps of each groupoid are groupoid
morphisms with respect to the other direction.

We picture the elements of a double groupoid as in Figure 1. In this convention, source and
target maps follow the direction of the arrows: the vertical source s1• of a square is its bottom
side, while the horizontal source s•1 is its right side. By continuing the diagram (7) using the nerve
construction at each row and column, one obtains a bisimplicial set where each row and each column
is a 1-groupoid. We identify the bisimplicial nerve with the double groupoid itself. We denote the
groupoid whose nerve is the k-th row of the bisimplicial nerve of G by G•k, and the groupoid whose
nerve is the k-th column of the bisimplicial nerve of G by Gk•. In particular, G•0 = G10 ⇒ G00

and G0• = G01 ⇒ G00. These are called side groupoids of G. We denote the source and target of
the side groupoids simply by s and t since it will be clear from context which one we are referring
to. In addition, there are two compatible multiplications on elements of G11, which are represented
by squares: the vertical one of G1• which we denote by ⋊⋉ and the horizontal one of G•1 which we
denote by ⋊⋉. We denote the source and target of these latter groupoids by s1•, t1• and s•1, t•1,
respectively.

Definition 3.2. A double Lie groupoid is a double groupoid where each of the sides G0•, G•0,
G•1, G1•, is a Lie groupoid. Notably, this implies that the double source map

(s1•, s•1) : G11 −→ G10 ×s,G00,s G01

is a submersion. We say a double Lie groupoid is full if this map is also surjective.

The fullness assumption holds for many examples, especially those coming from algebraic topology
(see [Ceg25]). However, in Lie theory, the double source map often fails to be surjective, and such is
the situation for many of the examples introduced in [LW89]. It is important to emphasize that all
of our main results which involve generalized morphisms of double Lie groupoids, use the fullness
assumption.

Remark 3.3. The double source map is a surjective submersion if and only if any of the maps
(s•1, t1•), (t•1, s1•), and (t•1, t1•) are surjective submersions (see Figure 8). This can be seen by
composing with the vertical and horizontal inversions of G11 as appropriate.

Definition 3.4. A right horizontal action of a double Lie groupoid G on a Lie groupoid morphism
r : A→ G0• called the moment map is a Lie groupoid morphism whose components are groupoid
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(s1•, s•1)

(t1•, s•1)(t1•, t•1)

(s1•, t•1)

Figure 8. A double Lie groupoid is full if at least one of these maps is a surjective
submersion. If this holds, then all of these maps are surjective submersions.

actions which is called the action morphism

A1 ×r1,G01,t•1 G11 A1

A0 ×r0,G00,t G10 A0,

where the groupoid structure of the pullback on the left is the one inherited from the product.
Analogously, a left horizontal action of a double Lie groupoid J on a moment map l : A→ J0•

is a Lie groupoid morphism whose components are groupoid actions

(8)
J11 ×s•1,J01,l1 A1 A1

J10 ×s,J00,l0 A0 A0.

This notion of action appears in [BM92, Def. 1.5] and [Ste08], where this is called a morphic
action.

Definition 3.5. Let p : A→ Q be a Lie groupoid morphism and a levelwise surjective submersion.
A (left) horizontal action is principal if the double groupoid morphism

(9)
J11 ×s•1,J01,l1 A1 A1 A1 ×p1,Q1,p1 A1 A1

J10 ×s,J00,l0 A0 A0 A0 ×p0,Q0,p0 A0 A0

∼=

given by the action map and the projection is an isomorphism between the action double groupoid
and the submersion double groupoid relative to p : A→ Q. We picture this in Figure 9.

The analogous notions of left vertical action of a double groupoid J on a Lie groupoid morphism
B → J•0, and of principality of such an action can be defined similarly by swapping the groupoid
J1• for the groupoid J•1 in (8) and (9), respectively. The same goes for the notion of right vertical
action.

Remark 3.6 (Vertical/horizontal duality). This is a general feature of the theory: because our
definitions of double groupoids and horizontal and vertical morphisms are symmetric under permu-
tation of the horizontal and vertical directions with each other, many of the results we prove for the
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j1 a1 j1 · a1

j0 a0 j0 · a0

∼=

∼=a1 a′
1 j1

a1

a0

a′
0 j1

a0

Figure 9. A left horizontal action and its principality condition.

horizontal case have a dual vertical counterpart. The proofs thereof are obtained the same way as
in the horizontal case, by making the necessary substitutions.

We now make use of the notion of horizontal and vertical actions to construct the double bi-
category Bun(LieGpd2). This is analogous to Bun(LieGpd), but it has two distinct directions of
bibundles.

Definition 3.7. A horizontal generalized morphism (or (1,0)-morphism) A : G99KhJ of
double groupoids G, J is a Lie groupoid A formed by a pair of compatible HS bibundles A1 and A0,
between G•1 and J•1 and between G•0 and J•0, respectively.

For the sake of clarity, we spell this out. A (1,0)-morphism consists of:
• a Lie groupoid A with two moment maps (groupoid morphisms)

l : A→ J0•, r : A→ G0•,

• a right horizontal G-action on r : A→ G0•,
• a left horizontal J-action on l : A→ J0•,

such that:
• The actions commute.
• The left action is principal with quotient map r : A → G0• (which is thus a levelwise

surjective submersion).
We represent this data in the diagram

(10)
J11 J01 A1 G01 G11

J10 J00 A0 G00 G10

l1 r1

l0 r0

and depict the elements of its constituent spaces in Figure 10.
Composition of horizontal generalized morphisms is defined by levelwise composition of HS mor-

phisms. Each composition is well defined up to a natural canonical isomorphism, which in this
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J00J10

J01J11

G00

G01

G10

G11A1

A0

l1 r1

l0 r0

Figure 10. A horizontal generalized morphism

case takes the form of a (2,0)-morphism between (1,0)-morphisms: a biequivariant Lie groupoid
morphism between the horizontal bibundles.4

Example 3.8. The notion of PB-groupoid appearing in [CG25] is an example of a principal action
of a strict Lie 2-groupoid viewed as a double groupoid with one side an identity groupoid. Therefore
a PB-groupoid for the strict Lie 2-groupoid H over the groupoid G ⇒ M can be seen as a (1,0)-
morphism as follows:

H2 H0 P1 G G

H1 H0 P0 M M.

l1 r1

l0 r0

To fix notation, we write out the corresponding definition of a vertical generalized morphism.

Definition 3.9. A vertical generalized morphism (or (0,1)-morphism) C : G99KvH of double
groupoids G,H is a Lie groupoid C formed by a pair of compatible HS bibundles C1 and C0, between
G1• and H1• and between G0• and H0•, respectively.

Therefore, a (0,1)-morphism consists of
• a Lie groupoid C with two moment maps (groupoid morphisms)

l : C → H•0, r : C → G•0,

• a right vertical G-action on r : C → G•0,
• a left vertical H-action on l : C → H•0,

such that:
• The actions commute.
• The left action is principal with quotient map r : C → G•0 (which is thus a levelwise

surjective submersion).

4As for HS bibundles of Lie groupoids, biequivariant Lie groupoid morphisms are necessarily isomorphisms.
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We represent this data analogously to (10) as in the vertical sides of (11).
Vertical generalized morphisms can be composed in an analogous way as horizontal generalized

morphisms, and admit similar (0,2)-morphisms between them, consisting of biequivariant Lie
groupoid morphisms.

Definition 3.10. A (1,1)-morphism (Ω, AJG, BK
J , CH

G , DKH) of double Lie groupoids consists of
the following:

• Two Lie groupoids A and D which are horizontal generalized morphisms of double Lie
groupoids

A : G99KhJ, D : H99KhK.

• Two Lie groupoids C and B which are vertical generalized morphisms of double Lie groupoids

C : G99KvH, B : J99KvK.

• A smooth manifold Ω, which is simultaneously a HS morphism of Lie groupoids C 99K B
and A 99K D, such that all four actions commute, in the following sense:

(k ·h d) ·v (b ·h ω) = (k ·v b) ·h (d ·v ω), k ∈ K11, d ∈ D1, b ∈ B1, ω ∈ Ω;

whenever the corresponding actions are defined, and similar equations for the other actions.

We represent (1,1)-morphisms as in the following diagram, where the double headed maps are
surjective submersions by the principality conditions.

(11)

K11 K01 D1 H01 H11

K10 K00 D0 H00 H10

B1 B0 Ω C0 C1

J10 J00 A0 G00 G10

J11 J01 A1 G01 G11

We depict the elements of the spaces forming a (1,1)-morphism as in Figure 11.
At this point, for the sake of having a double bicategory, we can define (1,2)-, (2,1)- and (2,2)-

morphisms in the shape of the (1,2)-, (2,1)-, and (2,2)-morphisms in Figure 7, respectively, by using
biequivariant Lie groupoid morphism between the sides and “quadriequivariant” maps in the center
accordingly.

Definition 3.11. The double bicategory Bun(LieGpd2) is the double bicategory consisting of double
Lie groupoids, (1,0)-, (0,1)-, (1,1)-, (2,0)-, (0,2)-morphisms as defined above and the corresponding
(2,1), (1,2) and (2,2)-morphisms as in Figure 7, where the red maps are bi- or quadri-equivariant
maps accordingly. The full sub-double-bicategory of full double Lie groupoids with the same mor-
phisms will be denoted by Bun(LieGpd2full).
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K00

K01

K10

K11

J00J10

J01J11

G00

G01

G10

G11

H00 H10

H01 H11

Ω

A1

C1

A0

C0B0

D0

D1

B1

Figure 11. Pictorial representation of the elements of a (1,1)-morphism of double groupoids.

3.1. From principal bibundles to anafunctors. We begin by defining horizontal and vertical
hypercovers and anafunctors. Conceptually, these can be thought of as the 1-morphisms of the
anafunctor localization of internal Lie groupoids in the category of Lie groupoids, where double
groupoids are considered as such in two different directions: alternatively as internal vertical or
horizontal Lie groupoids in the category of horizontal or vertical Lie groupoids, respectively. Our
goal is to arrive at a double bicategory of anafunctors and a biaction groupoid construction for
double Lie groupoids, by expanding on [ÁGJ24, Remark 2.16].

Definition 3.12. Let f : G → H be a map of double groupoids. We say f is a horizontal
levelwise hypercover if the groupoid morphisms

f•0 :

G10 G00

H10 H00

f10 f00 and f•1 :

G11 G01

H11 H01

f11 f01
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are both hypercovers. Explicitly this means the following conditions hold:

(12)

Acyc(0)•0 : f00 : G00 → H00 is a surjective submersion,
Acyc(0)•1 : f01 : G01 → H01 is a surjective submersion,
Acyc!(1)•0 : (∂, f10) : G10

∼=→ (G00 ×G00)H00×H00H10 is an isomorphism,
Acyc!(1)•1 : (∂, f11) : G11

∼=→ (G01 ×G01)H01×H01H11 is an isomorphism.

A span of double Lie groupoids in which the domain-side leg is a horizontal hypercover is called a
horizontal anafunctor.

Remark 3.13. Horizontal hypercovers satisfy the same properties as usual hypercovers in 2.7;
namely, they contain isomorphisms, they are closed under composition, and given a diagram of
double groupoids A

∼h
↠ G ← B where A

∼h
↠ G is a horizontal hypercover, the pullback exists and

A ×G B
∼h
↠ B is a horizontal hypercover as well. These properties follow by a straightforward

verification. Because of this fact, composition of horizontal anafunctors is well-defined, associative,
and has units up to natural isomorphism.

We define vertical levelwise hypercovers and vertical anafunctors by applying the principle
of vertical/horizontal duality (Remark 3.6) to Definition 3.12.

Remark 3.14. As for horizontal hypercovers (Remark 3.13), we have that vertical hypercovers
are also closed under composition and pullback (which exists). Hence, composition of vertical
anafunctors is also well-defined, associative, and has units up to natural isomorphism. We also note
that, a priori, the composition of a horizontal hypercover with a vertical one has neither of these
properties.

Definition 3.15. A double anafunctor of double Lie groupoids is a commutative diagram (i.e.
a double span)

K D H

B Ω C

J A G

∼h

∼v

∼h

∼v ∼v

∼h

where each of the spaces is a double Lie groupoid and each horizontal (resp. vertical) span is a
horizontal (resp. vertical) anafunctor.

By applying the construction of Section 2.4 to horizontal generalized morphisms of double
groupoids in a compatible way, we convert them into a span of double groupoids. We construct a
double groupoid Ãh by considering the horizontal biaction (double) groupoid relative to the
bibundle actions (see Figure 12). I.e. we define

(13) Ãh
11 := J11 ×s•1,J01,l1 A1 ×r1,G01,t•1 G11, Ãh

01 := A1,

Ãh
10 := J10 ×s,J00,l0 A0 ×r0,G00,t G10, Ãh

00 := A0,
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with structure maps
s•1, t•1 : J11 ×s•1,J01,l1 A1 ×r1,G01,t•1 G11 −→ A1

s•1(j, a, g) = a · g, t•1(j, a, g) = j · a,
s1•, t1• : J11 ×s•1,J01,l1 A1 ×r1,G01,t•1 G11 −→ J10 ×s,J00,l0 A0 ×r0,G00,t G10

s1•(j, a, g) = (s1•j, sa, s1•g), t1•(j, a, g) = (t1•j, ta, t1•g),

and the remaining ones defined in the only possible compatible way. The multiplications, whenever
(j′, a′, g′) and (j, a, g) are horizontally, resp. vertically composable, are defined by

(j′, a′, g′) ⋊⋉ (j, a, g) = (j′ ⋊⋉ j, j−1 · a′, g′ ⋊⋉ g) = (j′ ⋊⋉ j, a · (g′)−1, g′ ⋊⋉ g),

(j′, a′, g′) ⋊⋉ (j, a, g) = (j′ ⋊⋉ j, a′a, g′ ⋊⋉ g).

s•1

t•1

j a g

j · a

a · g
j′

a′ g′

j a g j′

a′ g′

j a g

s1•

t1•

s1•j sa s1•g

t1•j ta t1•g a′′
⋊⋉

j′ a′ g′

j a g
⋊⋉

a′′ = j−1 · a′ = a · (g′)−1

j′ ⋊⋉ j a′a g′ ⋊⋉ g

Figure 12. Sources, targets and multiplications of the biaction double groupoid Ãh.

The double groupoid Ãh comes equipped with natural maps J
l̃← Ãh r̃→ G, induced by l, r and

the projection maps. As we summarize in the next lemma, this span is a horizontal anafunctor of
double Lie groupoids, in the sense that the right map is a horizontal levelwise hypercover.

Lemma 3.16. Let A : G99KhJ be a horizontal generalized morphism of double Lie groupoids. Then,
Ãh is a double Lie groupoid and Ãh

∼h
↠ G is a horizontal levelwise hypercover of double Lie groupoids.

Additionally, if both G and J are full, then so is Ãh. Thus, the biaction groupoid construction turns
horizontal generalized morphisms to horizontal anafunctors of double Lie groupoids.

Proof. It is straightforward to check that Ãh is a double Lie groupoid. Additionally, the fact that r̃
is a horizontal levelwise hypercover follows from the theory of HS morphisms of Lie groupoids: r̃•0
and r̃•1 are the hypercovers obtained when applying the biaction groupoid construction to the HS
bibundles A1 and A0. Thus r̃ is a horizontal levelwise hypercover.

Assuming now that G and J are both full, we prove that the double source map (s•1, s1•) of Ãh

is a surjective submersion. To begin with, we observe that

Ãh
01 ×s,Ãh

00,s
Ãh

10 = (J10 ×s,J00,l0 A0 ×r0,G00,t G10)×s,A0,s A1

∼= J10 ×s,J00,l0s A1 ×r0s,G00,s G10
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through the diffeomorphism (j0, a0, g0, α) 7→ (j0, α, g0), with inverse (j0, α, g0) 7→ (j0, sα ·g−1
0 , g0, α),

since sα = a0 · g0 by definition of the source maps of Ãh. Analogously, we have a diffeomorphism

Ãh
11 = J11 ×s•1,J01,l1 A1 ×r1,G01,t•1 G11

∼=←→ J11 ×s•1,J01,l1 A1 ×r1,G01,s•1 G11

(ζ, β, γ) 7−→ (ζ, β · γ, γ),
(ζ, α · γ−1h , γ)←−[ (ζ, α, γ),

where we denote by γ−1h the horizontal inverse of γ, and we have r1β = t•1γ, r1α = s•1γ. Hence,
we can rewrite the double source map as

J11 ×s•1,J01,l1 A1 ×r1,G01,s•1 G11 −→ J10 ×s,J00,l0s A1 ×r0s,G00,s G10

(ζ, α, γ) 7−→ (s1•ζ, α, s1•γ)

This is a surjective submersion because it factors through the top left maps of the following pullback
diagrams, which are surjective submersions as they are pullbacks of the double sources of G and J ,
respectively.

J11 ×J01 A1 ×G00,s G10 J10 ×J00 A1 ×G00,s G10 A1 ×G00,s G10

J11 J10 ×s,J00,s J01 J01

⌟ ⌟
l1◦pr1

(s1•,s•1)

J11 ×J01 A1 ×G01,s•1 G11 J11 ×J01 A1 ×G00,s G10 J11 ×J01 A1

G11 G10 ×s,G00,s G01 G01

⌟ ⌟
r1◦pr2

(s1•,s•1)

□

Analogously, vertical generalized morphisms can be converted into spans of double Lie groupoids
as follows. We construct a double Lie groupoid C̃v by considering the vertical biaction (double)
groupoid relative to the bibundle actions. I.e. we define

(14) C̃v
11 := H11 ×s1•,H10,l1 C1 ×r1,G10,t1• G11, C̃v

01 := H01 ×s,H00,l0 C0 ×r0,G00,t G01,

C̃v
10 := C1, C̃v

00 := C0,

with structure maps

s•1, t•1 : H11 ×s1•,H10,l1 C1 ×r1,G10,t1• G11 → H01 ×s,H00,l0 C0 ×r0,G00,t G01

s•1(h, c, g) = (s•1h, sc, s•1g), t•1(h, c, g) = (t•1h, tc, t•1g),

s1•, t1• : H11 ×s1•,H10,l1 C1 ×r1,G10,t1• G11 → C1

s1•(h, c, g) = c · g, t1•(h, c, g) = h · c,
and the remaining ones defined in the only possible compatible way. A depiction of these structure
maps would be a version of Figure 12 with vertical and horizontal structures swapped. The double
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groupoid C̃v comes equipped with natural maps G
r̃← C̃v l̃→ H, induced by l, r and the projection

maps.
The following result holds, by vertical/horizontal duality, with analogous proofs to its horizontal

version above.
Lemma 3.17. Let C : G99KvH be a vertical generalized morphism of double Lie groupoids. Then,
C̃v is a double Lie groupoid and the map r̃ : C̃v ∼v

↠ G is a vertical levelwise hypercover. Additionally,
if both G and H are full, then so is C̃v. Thus, the biaction groupoid construction turns vertical
generalized morphisms to vertical anafunctors of double Lie groupoids.

We now introduce an additional condition on levelwise hypercovers of double Lie groupoids,
which we require both in order to obtain double anafunctors from (1,1)-morphisms by the action
groupoid construction, and also for horizontal and vertical hypercovers to map to hypercovers of
Lie 2-groupoids through ĎW in Section 4.

Definition 3.18. We say that a horizontal levelwise hypercover f : G
∼h
↠ H is full if either one of

the maps
(s, f01) : G01 −→ G00 ×f00,H00,s H01

(t, f01) : G01 −→ G00 ×f00,H00,t H01
(15)

is a surjective submersion.5 We say a horizontal anafunctor is full if its domain-side leg is full.
We say that a vertical levelwise hypercover f : G

∼v
↠ H is full if either one of the maps

(s, f10) : G10 −→ G00 ×f00,H00,s H10

(t, f10) : G10 −→ G00 ×f00,H00,t H10
(16)

is a surjective submersion.6 We say a vertical anafunctor is full if its domain-side leg is full.
The following two dual lemmas state that the levelwise hypercovers coming from biaction groupoids

of bibundles (denoted by r̃ in our convention) inherit the property of being full from the fullness of
the double Lie groupoid acting principally on the bibundle itself. Figure 13 depicts these maps for
the r̃ of a horizontal or vertical bibundle.
Remark 3.19. In terms of Kan conditions for morphisms, the fact that for a horizontal levelwise
hypercover f : G

∼h
↠ H, (s, f01) is a surjective submersion corresponds to the Kan(1, 1) condition

for the Lie groupoid morphism f0• : G0• → H0•. The analogous condition for (t, f01) is Kan(1, 0)

for f0•. For a vertical levelwise hypercover f : G
∼v
↠ H, these are the same level 1 Kan conditions

for the Lie groupoid morphism f•0.
Lemma 3.20. Let A : G99KhJ be a horizontal morphism of double Lie groupoids. If J is full, then
r̃ is full. That is, the maps

(s, r1) : Ã
h
01 −→ Ãh

00 ×r0,G00,s G01,

(t, r1) : Ã
h
01 −→ Ãh

00 ×r0,G00,t G01

5Notably, if one of these maps is a surjective submersion, the other is one as well, by composing with the vertical
inversion.

6Cf. the previous footnote, with the vertical inversion replaced by the horizontal one.
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are surjective submersions.

Lemma 3.21. Let C : G99KvH be a vertical morphism of double Lie groupoids. If H is full, then
r̃ is full. That is, the maps

(s, r1) : C̃
v
10 −→ C̃v

00 ×r0,G00,s G10,

(t, r1) : C̃
v
10 −→ C̃v

00 ×r0,G00,t G10

are surjective submersions.

(s, r1)

(t, r1)

(s, r1)(t, r1)

Figure 13. Fullness conditions for r̃ of a horizontal bibundle on the left, and for r̃
of a vertical bibundle on the right.

Proof of Lemma 3.20. We show this for (s, r1), as it is clear from the pictorial representation of the
proof in Figure 14 that the proof for (t, r1) is analogous. By expanding the definition of (s, r1) we
get

(s, r1) : A1 −→ A0 ×r0,G00,s G01.

∼=∼=

(s, r1)

Figure 14. Pictorial proof of Lemma 3.20. Note the use of the principality condi-
tions in Figure 9.

We know that r1 : A1 → G01 is a surjective submersion by Definition 3.7. So, the map

A0 ×r0,G00,sr1 A1 −→ A0 ×r,G00,s G01
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is a surjective submersion, because of the pullback diagram

A0 ×r0,G00,sr1 A1 A0 ×r0,G00,s G01

A1 G01.

⌟
pr2

r1

By (9), J10 ×s,J00,l0 A0
∼= A0 ×r0,G00,r0 A0. So, by the pullback diagram

J10 ×s,J00,l0s A1 A0 ×r0,G00,sr1 A1

J10 ×s,J00,l0 A0 A0 ×r0,G00,r0 A0,

∼=

(pr1,s◦pr2)
⌟

(pr1,s◦pr2)
∼=

we have that J10 ×s,J00,l0s A1
∼= A0 ×r0,G00,sr1 A1. At this point, we have another pullback diagram

J11 ×s•1,J01,l1 A1 J10 ×s,J00,l0s A1

J11 J10 ×s,J00,s J01,

⌟
(pr1,l1◦pr2)

(s1•,s•1)

where the bottom map is the double source of J , which is a surjective submersion when J is full.
So, the map

J11 ×s•1,J01,l1 A1 −→ J10 ×s,J00,l0s A1

is a surjective submersion. Again by (9), J11 ×s•1,J01,l1 A1
∼= A1 ×r1,G01,r1 A1. Hence, the following

diagram commutes

A1 ×r1,G01,r1 A1 A0 ×r0,G00,s G01

A1

(s◦pr1,r1◦pr1)

pr1 (s,r1)

and because both (s, r1) ◦ pr1 and pr1 are surjective submersions (pr1 is indeed a source map in the
submersion double groupoid in (9)), we have that (s, r1) is a surjective submersion. □

We now show that a (1,1)-morphism (Ω, AJG, BK
J , CH

G , DKH) can be rewritten as a double ana-
functor of double Lie groupoids as in [ÁGJ24, Remark 2.16], by taking

(17)

K D̃h H

B̃v ˜̃
Ω C̃v

J Ãh G,

∼h

∼v

∼h

∼v ∼v

∼h

where ˜̃
Ω is the total action groupoid we define below and the double-headed vertical/horizontal

arrows are vertical/horizontal levelwise hypercovers, respectively, as we show in Lemma 3.24. The
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construction of the total action groupoid consists of two steps which can be performed interchange-
ably. First of all, Ω is a manifold with four groupoid actions: two “horizontal actions” of B and C
and two “vertical actions” of A and D. Hence we have the following available constructions:

• We can first take the biaction groupoid of Ω with respect to the “horizontal actions”, i.e.
those of B and C. We denote this by Ω̃h. Together with the horizontal biaction double
groupoids of D (with respect to the actions of K and H) and A (with respect to the actions
of J and G) this gives a vertical generalized morphism, as we show in Lemma 3.22. Then

we can make this into a double anafunctor by applying ·̃ v and we obtain ˜̃
Ωh

v

.
• Alternatively, we can take the biaction groupoid of Ω with respect to the “vertical actions”

first, i.e. those of A and D. We denote this by Ω̃v. Together with the vertical biaction
double groupoids of B (with respect to the actions of K and J) and C (with respect to the
actions of H and G) this gives a horizontal generalized morphism, as we show in Lemma
3.23, the dual of Lemma 3.22. Then we can make this into a double anafunctor by applying

·̃ h and we obtain ˜̃
Ωv

h

.

A straightforward computation, using the fact that all the actions we consider are compatible with
each other by Definition 3.10, shows that these two constructions are the same (possibly up to
isomorphisms rearranging the order of components of each fiber product), so we denote them by˜̃
Ω :=

˜̃
Ωh

v

=
˜̃
Ωv

h

. This then fits in the double span (17). The following results show that this
construction is well-defined.

Lemma 3.22. Given a (1,1)-morphism (Ω, AJG, BK
J , CH

G , DKH), between full double groupoids,

D̃h ← Ω̃h ↠ Ãh

is a vertical generalized morphism Ãh99KvD̃h.

As anticipated, by vertical/horizontal duality we have the following analogous result.

Lemma 3.23. Given a (1,1)-morphism (Ω, AJG, BK
J , CH

G , DKH) between full double groupoids,

B̃v ← Ω̃v ↠ C̃v

is a horizontal generalized morphism C̃v99KhB̃v.

We give an explicit proof of the vertical version.
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Proof of Lemma 3.22. By applying ·̃ h to the diagram (11), we obtain the following diagram

D̃h
•1 : K11 ×K01 D1 ×H01 H11 D1

D̃h
•0 : K10 ×K00 D0 ×H00 H10 D0

Ω̃h
• : B1 ×B0 Ω×C0 C1 Ω

Ãh
•0 : J10 ×J00 A0 ×G00 G10 A0

Ãh
•1 : J11 ×J01 A1 ×G01 G11 A1

For this to be a vertical generalized morphism, we need to show that the left action of D̃h is principal.
Therefore, we begin by showing that the map

(18) B1 ×B0 Ω×C0 C1 −→ J10 ×J00 A0 ×G00 G10

is a surjective submersion.
Because Ω↠ A0 is a surjective submersion by hypothesis,

(19) J10 ×J00 Ω×G00 G10 ↠ J10 ×J00 A0 ×G00 G10

is also one. By Lemma 3.21, we get that

B1 ↠ J10 ×J00 B0, C1 ↠ C0 ×G00 G10

are surjective submersions, so

(20) B1 ×B0 Ω×C0 C1 ↠ J10 ×J00 B0 ×B0 Ω×C0 C0 ×G00 G10
∼= J10 ×J00 Ω×G00 G10

is a surjective submersion. Since (18) is the composition of (20) and (19), then it is a surjective
submersion. Pictorially:

B1 ×B0
Ω×C0

C1 J10 ×J00
A0 ×G00

G10

∼= J10 ×J00
B0 ×B0

Ω×C0
C1

J10 ×J00 Ω×G00 G10

∼= J10 ×J00
Ω×C0

C0 ×G00
G10

J10 ×J00 Ω×C0 C1

Principality of the action of D̃h follows immediately by principality of the actions of K, D and
H on B, Ω and C, respectively, as pictured below.
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k d h

b ω c

k ⋊⋉ b d ⋊⋉ ω h ⋊⋉ c ∼=

□

Lemma 3.24. The vertical/horizontal double-headed maps in (17) are vertical/horizontal hypercov-
ers, respectively.

Proof. Given a (1,1)-morphism (Ω, AJG, BK
J , CH

G , DKH), construct the double Lie groupoids Ãh, D̃h

and B̃v, C̃v. By Lemma 3.16, Ãh
∼h
↠ G and D̃h

∼h
↠ H are horizontal levelwise hypercovers. Further-

more, by applying Lemma 3.16 to the horizontal generalized morphism B̃v ← Ω̃v ↠ C̃v from Lemma
3.23, we obtain that ˜̃

Ω
∼h
↠ C̃v is also a horizontal levelwise hypercover. By using horizontal/vertical

duality and Lemmas 3.17 and 3.22 all the double headed vertical arrows are also vertical levelwise
hypercovers. □

We now discuss the (2, k) and (k, 2) morphisms of the double bicategory of anafunctors and apply
the biaction construction to obtain these from biequivariant maps of bibundles.

Definition 3.25. A horizontal natural transformation between morphisms of double groupoids
f, f ′ : G→ H is equivalently:

(1) A Lie groupoid morphism α : G0• → H1• such that for all g ∈ G1k, k ≥ 0, the naturality
condition α(tg)f(g) = f ′(g)α(sg) holds.

(2) A bisimplicial map G×∆1,0 → H, where ∆1,0 is the bisimplicial set with rows all equal to
∆1 and columns the identity groupoids of ∆1

k for each k.
Dually, a vertical natural transformation between morphisms of double groupoids f, f ′ : G→

H is equivalently:
(1) A Lie groupoid morphism α : G•0 → H•1 such that for all g ∈ Gk1, k ≥ 0, the naturality

condition α(tg)f(g) = f ′(g)α(sg) holds.
(2) A bisimplicial map G×∆0,1 → H, where ∆0,1 is the bisimplicial set with columns all equal

to ∆1 and rows the identity groupoids of ∆1
k for each k.

Definition 3.26. A 2-morphism of horizontal anafunctors is a horizontal natural transforma-
tion α between the map A ×G A′ → A → J and the map A ×G A′ → A′ → J as in the following
diagram

(21)

A

G A×G A′ J

A′

∼h

α

h

∼h

∼h
∼h

⌟

where the pullback exists by 3.13. We define 2-morphisms of vertical anafunctors dually.
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A horizontal (resp. vertical) 2-morphism of double anafunctors is a pair of double ana-
functors with the same vertical (resp. horizontal) sides, whose rows (resp. columns) are connected
by three 2-morphisms of horizontal (resp. vertical) anafunctors, which are compatible with the
vertical (resp. horizontal) maps in the double anafunctors.

It is evident that applying the horizontal biaction groupoid construction to a biequivariant Lie
groupoid morphism of horizontal bibundles immediately yields a 2-morphism of the corresponding
horizontal anafunctors. The same is true for the vertical direction. By functoriality, this construction
also maps (2, 1)- and (1, 2)-morphisms in Bun(LieGpd2full) to horizontal and vertical 2-morphisms of
double anafunctors, respectively.

Finally, we make a precise definition of the double bicategory of anafunctors of double Lie
groupoids. Note that when restricting to full double groupoids we also require anafunctors to
be full, which of course forces all the double anafunctors and higher morphisms to be between full
anafunctors.

Definition 3.27. The double bicategory Ana(LieGpd2) of double Lie groupoids and anafunctors
consists of the following:

• Its objects are double Lie groupoids;
• Its horizontal ((1, 0)-) morphisms are the horizontal anafunctors. Morphisms between these

(i.e. (2, 0)-morphisms) are the 2-morphisms of horizontal anafunctors.
• Its vertical ((0, 1)-) morphisms are the vertical anafunctors. Morphisms between these (i.e.
(0, 2)-morphisms) are 2-morphisms of vertical anafunctors.
• Its (1, 1)-morphisms are the double anafunctors.
• (2, 1)- and (1, 2)-morphisms are horizontal and vertical 2-morphisms of double anafunctors,

respectively.
• (2, 2)-morphisms follow the schematic in Figure 7, involving the compatibility of both vertical

and horizontal natural transformations.

We denote the sub-double-bicategory of full double groupoids and full anafunctors by Ana(LieGpd2full).

By the discussion above, we have the following theorem.

Theorem 3.28. The biaction groupoid construction defines a morphism of double bicategories

Bun(LieGpd2full) −→ Ana(LieGpd2full).

Once the precise definition of a morphism of double bicategories is established by straightfor-
wardly adapting the definition of a pseudofunctor in [Bén67, Def. 4.1] to the double bicategories of
[Mor09, Def. 3.1.1], the rest of the proof follows from the previous discussion and the Lie groupoid
case from Section 2.4.

4. From double Lie groupoids to Lie 2-groupoids

We now recall the main definitions and results from [MT11], which we need to construct a Lie
2-groupoid from a full double groupoid.
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Definition 4.1 ([AM66; MT11]). Let X = X•,• be a bisimplicial manifold. The codiagonal of X is
the simplicial manifold7 (WX, di, si):

(WX)n = {(x0, x1, . . . , xn−1, xn) | xa ∈ Xn−a,a, d
h
0xa = dva+1xa+1, ∀ 0 ≤ a < n}

di(x0, x1, . . . , xn−1, xn) = (dhi x0, d
h
i−1x1, . . . , d

h
2xi−2, d

h
1xi−1, d

v
i xi+1, . . . , d

v
i xn−1, d

v
i xn)

si(x0, x1, . . . , xn−1, xn) = (shi x0, s
h
i−1x1, . . . , s

h
1xi−1, s

h
0xi, s

v
i xi, . . . , s

v
i xn−1, s

v
i xn);

where dhi , s
h
i are the horizontal face and degeneracy maps (i.e. those for the rows X•,k), and dvi , s

v
i

are the vertical face and degeneracy maps (i.e. those for the columns Xk•).

Proposition 4.2 ([MT11, Theorem 4.5]). Let G be a double Lie groupoid. Then, ĎWG is a local
Lie 2-groupoid. Furthermore, if G is a full double Lie groupoid, then ĎWG is a Lie 2-groupoid.

Remark 4.3. A local Lie groupoid is a simplicial manifold where the Kan conditions hold only
locally — i.e. the horn projections are only required to be submersions (resp. injective étale)
instead of surjective submersions (resp. diffeomorphisms). Our constructions can only be extended
to certain situations where the starting double Lie groupoids are not full, by carefully adjusting the
extra condition of fullness on morphisms accordingly.

We now recall the explicit form of ĎWG for a double Lie groupoid G from [MT11, §4.2]. This is
specified by the following finite data in the sense of [Zhu09a, Prop.-Def. 2.16]: The first three levels
are

ĎWG0 = G00, ĎWG1 = G10 ×s,G00,t G01,

ĎWG2 = Λ2
1(G•0)×d0,G10,t1• G11 ×s•1,G01,d2 Λ

2
1(G0•)

∼= G10 ×s,G00,t2 G11 ×s2,G00,t G01,

where t2 = t ◦ t•1 = t ◦ t1• and s2 = s ◦ s•1 = s ◦ s1•. The structure maps between these levels are

d0(g10, g01) = s(g01), d0(g10, g11, g01) = (s1•(g11), g01)
d1(g10, g01) = t(g10), d1(g10, g11, g01) = (g10 · t1•(g11), s•1(g11) · g01),
s0(g00) = (1g00 , 1g00), d2(g10, g11, g01) = (g10, t•1(g11)),

s0(g10, g01) = (g10, 1g01 , 1s(g01)),
s1(g10, g01) = (1t(g10), 1g10 , g01),

where 1 is the unit map of either one of the sides of G depending on context. This is summarized
in Figure 15, where we also specify the rest of the finite data, consisting of ĎWG3 and the face maps
between it and ĎWG2, which give the ternary multiplications. The degeneracy maps are omitted
from the figure, but they can easily be recovered by using the simplicial identities.

Remark 4.4. The ĎW functor between bisimplicial sets and simplicial sets is right adjoint to the
total decalage functor Dec (see [CR05] and references therein). Both constructions extend directly
to simplicial and bisimplicial manifolds, so the adjunction still holds. Therefore, the ĎW functor
preserves limits (for example pullbacks) between these two categories, when they exist.

7It is assumed in this definition that the following fiber products exist. This is automatic in the case that interests
us.
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Figure 15. The first 4 levels of ĎW of a double Lie groupoid G and its face maps.
The heuristic goes as follows: di of an n-simplex is obtained by first deleting the
points and arrows in the i-th row and column, and then multiplying together any
arrows or squares whose shared boundary component was deleted.

In the following pair of horizontal/vertical dual lemmas we show that the extra condition needed
for ĎW to map horizontal/vertical hypercovers to hypercovers is one of the same Kan conditions we
found in Lemma 3.20, Lemma 3.21 and discussed in Remark 3.19. We prove the horizontal version
of this statement explicitly and argue that the vertical version follows by duality.

Lemma 4.5. Let f : G↠ H be a horizontal levelwise hypercover of full double Lie groupoids. Then
if f is full, ĎWf is a hypercover of Lie 2-groupoids.

Lemma 4.6. Let f : G↠ H be a vertical levelwise hypercover of full double Lie groupoids. Then if
f is full, ĎWf is a hypercover of Lie 2-groupoids.

Proof of Lemma 4.5. We show Acyc(0), Acyc(1) and Acyc!(2) for ĎWf , which is

G10 ×s,G00,t2 G11 ×s2,G00,t G01 G10 ×s,G00,t G01 G00

H10 ×s,H00,t2 H11 ×s2,H00,t H01 H10 ×s,H00,t H01 H00

(f10,f11,f01) (f10,f01) f00

Immediately we have that Acyc(0) follows from the fact that f00 is a surjective submersion, which
is already true by Acyc(0)•0.
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For Acyc(1), we need to show that the map

(∂, (f10, f01)) : ĎWG1 → ∂∆1(ĎWG)×∂∆1(ĎWH)
ĎWH1

is a surjective submersion. See Figure 16 for a pictorial representation of the following argument.
The codomain of (∂, (f10, f01)) can be written as

ĎWG0 ×ĎWH0,d1
ĎWH1 ×d0,ĎWH0

ĎWG0 = G00 ×H00,t H10 ×s,H00,t H01 ×s,H00 G00,

where we omit ĎWf and f in the notation of the fiber products. By using Acyc!(1)•0 from (12), we
get that

ĎWG1 = G10 ×G00 G01
∼= (G00 ×H00,t H10 ×s,H00 G00)×pr3,G00,t G01

∼= G00 ×H00,t H10 ×s,H00,ft G01.

Then, the following is a pullback diagram:

ĎWG1 ∂∆1(ĎWG)×∂∆1(ĎWH)
ĎWH1 G00 ×H00,t H10

G01 H01 ×s,H00 G00 H00,

(∂,(f10,f01))

⌟
⌟

s◦pr2

(f01,s) t◦pr1

where the map (f01, s) is a surjective submersion. Hence, (∂, (f10, f01)) is a surjective submersion.

ĎWG1 = G10 ×s,G00,t G01 G00 ×H00,t H10 ×s,H00,t H01 ×s,H00
G00

∂∆1(ĎWG)×∂∆1(ĎWH)
ĎWH1 =

∼= G00 ×H00,t H10 ×s,H00,ft G01

∼=

(∂, ĎWf)

Figure 16. Proving Acyc(1).



36 DANIEL ÁLVAREZ, KALIN KRISHNA, AND STEFANO RONCHI

For Acyc!(2), we need to show that the map

(∂, (f10, f11, f01)) : ĎWG2 → ∂∆2(ĎWG)×∂∆2(ĎWH)
ĎWH2

is a diffeomorphism. We depict this proof in Figure 17.
An element of ∂∆2(ĎWG) can be depicted as in the second panel of Figure 17. Thus, we can write

∂∆2(ĎWG) ∼= Λ2
0(G•0)×sd1,G00,t G01 ×s,G00,t G10 ×s,G00,td0 Λ

2
2(G0•).

h1 h2

v1 v2

h3 v3 η

h1 h2

v1 v2

h3 v3 η

α

h1 h2

v1 v2

h3 v3 η

α

(∂, ĎWf) ∼=

∼=

∼=

∼=

Figure 17. The main steps in the proof of Acyc!(2).

Because both G•0 and G0• are 1-groupoids, we can fill the two horn spaces above uniquely, so
we can depict ∂∆2(ĎWG) ×∂∆2(ĎWH)

ĎWH2 as in the third panel of Figure 17. Then, Acyc!(2) is
equivalent to the existence of a unique square α with

s•1α = v2, t•1α = v1, s1•α = h3, t1•α = h2,

and such that f11(α) = η, for any diagram as in the third panel of Figure 17.
Because (f(v2), f(v1)) = (s•1η, t•1η), (v2, v1, η) ∈ (G01×G01)×H01×H01 H11. By Acyc!(1)•1, this

space is isomorphic to G11, so there exists a unique α such that f11(α) = η, s•1α = v2, and t•1α = v1.
Now (f(s1•α), f(t1•α)) = (f(h3), f(h2)) = (s1•η, t1•η), so by Acyc!(1)•0, (s1•α, t1•α) = (h3, h2).
We thus produced the required α. □

Following Remark 3.19, the fullness condition that requires (s, f01) : G01 → G00×f00,H00,s H01 to
be a surjective submersion is the Kan condition Kan(1, 1) for the groupoid morphism f0•.



MORPHISMS OF DOUBLE LIE GROUPOIDS: A SIMPLICIAL APPROACH 37

Example 4.7. We produce an example of a horizontal levelwise hypercover of double groupoids
that is sent by ĎW to a simplicial morphism which is not a hypercover. Let V be the disjoint union
of the pair groupoid over {a, b} and of the unit groupoid on {c}, and let H be the pair groupoid
over {0, 1}. Consider the morphism of groupoids f : V → H determined by mapping a and c to 0
and b to 1. Now take the respective pair double groupoids over V and H with the additional pair
groupoid structure defined horizontally. We have that f extends to a morphism of double groupoids
which is a horizontal levelwise hypercover, but the arrow (0→ 1) ∈ H has no lift to V which starts
at c; in other words, (15) is not surjective.

V 2 V H2 H

{a, b, c}2 {a, b, c} {0, 1}2 {0, 1}

Hence, by taking ĎW of this map, we can see that the result is not a hypercover.

As we showed in Lemmas 3.20 and 3.21, generalized morphisms between full double groupoids
produce anafunctors whose levelwise hypercovers are always full. Hence, by combining Lemma 4.5
with Lemma 3.20, and Lemma 4.6 with Lemma 3.21 we obtain the following theorems.

Theorem 4.8. Let G
A
99Kh J be a horizontal generalized morphism of full double Lie groupoids. Let

G
∼h
↞ Ãh → J be the associated horizontal anafunctor of double Lie groupoids. Then, ĎW (G

∼
↞ Ãh →

J) is an anafunctor of Lie 2-groupoids.

Theorem 4.9. Let G
C
99Kv H be a vertical generalized morphism of full double Lie groupoids. Let

G
∼v
↞ C̃v → H be the associated span of double Lie groupoids. Then, ĎW (G

∼
↞ C̃v → H) is an

anafunctor of Lie 2-groupoids.

Theorem 4.10. Let (Ω, AJG, BK
J , CH

G , DKH) be a (1, 1)-morphism with sides A : G99KhJ , B :
J99KvK, C : G99KvH, D : H99KhK as in (11). Assume that G, H, J , K are full. Then the
diagram

(22)

ĎWK ĎW (D̃h) ĎWH

ĎW (B̃v) ĎW (
˜̃
Ω) ĎW (C̃v)

ĎWJ ĎW (Ãh) ĎWG,

∼

∼

∼

∼ ∼

∼

is a (1, 1)-morphism in 2Ana(Lie2Gpd).

Lemma 4.11. Applying ĎW to a 2-morphism of full horizontal (resp. vertical) anafunctors of full
double groupoids gives a 2-morphism of anafunctors of Lie 2-groupoids. In the same way, applying
ĎW to a (2,1)-, (1,2)-, (2,2)-morphism of full double anafunctors of full double groupoids gives a
(2,1)-, (1,2)-, (2,2)-morphism of double anafunctors of Lie 2-groupoids, respectively.
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Proof. We show this for a 2-morphism of horizontal anafunctors α between G
∼h
↞ A → H and

G
∼h
↞ A′ → H, as the rest will follow by duality and functoriality. Recall that α is equivalent to

a bisimplicial map A ×G A′ × ∆1,0 → H, ĎW preserves limits, and ĎW∆1,0 ∼= ∆1, so we have that
ĎWα : ĎWA ×ĎWG

ĎWA′ × ∆1 → ĎWH is a 2-morphism of anafunctors from ĎWG
∼
↞ ĎWA → ĎWH to

ĎWG
∼
↞ ĎWA′ → ĎWH. To obtain the desired compatibility with (2, 2)-morphisms, we use the fact

that we are considering the fundamental mapping groupoid of the simplicial mapping complex as
the hom-space of Lie2Gpd. □

Because the ĎW functor commutes with pullbacks, and as such it maps compositions in the double
bicategory Ana(LieGpd2full) to the corresponding compositions in 2Ana(Lie2Gpd), we can assemble
Theorem 4.8, 4.9, and 4.10, to obtain the following.

Corollary 4.12. The functor ĎW : LieGpd2full → Lie2Gpd extends to a morphism of double bicategories

ĎW : Ana(LieGpd2full) −→ 2Ana(Lie2Gpd).

Therefore, there is a morphism of double bicategories

Bun(LieGpd2full) −→ 2Ana(Lie2Gpd)

obtained by composing ĎW with the biaction construction.

We now relate (1, 1)-morphisms of full double Lie groupoids to 2-morphisms in the bicategory of
fractions of Lie 2-groupoids localized at weak equivalences, as in Definition 2.14.

Theorem 4.13. Let (Ω, AJG, BK
J , CH

G , DKH) be a (1, 1)-morphism of full double Lie groupoids. Let
(17) be the associated double anafunctor. Then the diagram

(23)

ĎWC̃v ×ĎWH
ĎWD̃h

ĎWG ĎW ˜̃
Ω ĎWK

ĎWÃh ×ĎWJ
ĎWB̃v

∼ ∼

∼

∼∼

commutes, the vertical maps are weak equivalences, and the horizontal map is a hypercover. In other
words, it is a 2-morphism of anafunctors in Lie2Gpd[W−1], therefore it defines an equivalence of
anafunctors.

Proof. Starting with (17) we apply Theorem 4.10 and obtain (22). Because both pullbacks in (23)
are over hypercovers, they exist. Additionally, the maps from each of the pullbacks to ĎWG are
hypercovers because hypercovers are closed under composition and pullbacks. The two maps from
ĎW ˜̃

Ω to each of the pullbacks are obtained by the universal property of the pullback, and the diagram
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(23) commutes because of commutativity of the following diagram:

ĎWK ĎW (D̃h) ĎWH

ĎWD̃h ×ĎWH
ĎWC̃v

ĎW (B̃v) ĎW (
˜̃
Ω) ĎW (C̃v)

ĎWB̃v ×ĎWJ
ĎWÃh

ĎWJ ĎW (Ãh) ĎWG.

∼

∼

∼

∃!

∼

∃!

∼ ∼

∼

∼

Furthermore, both maps ĎW ˜̃
Ω → ĎWG coincide and this map is a hypercover, since it factorizes

as a composition of hypercovers by diagram chasing. Finally, by the two-out-of-three property of
weak equivalences, the maps ĎW ˜̃

Ω → ĎWC̃v ×ĎWH
ĎWD̃h and ĎW ˜̃

Ω → ĎWÃh ×ĎWJ
ĎWB̃v are weak

equivalences. □

Remark 4.14. Note that ĎW does not map composition of squares to composition of diamonds such
as (23). However, this simplified construction is useful in applications.

Theorems 4.10 and 4.13 give complementary simplicial realizations of a (1, 1)-morphism. The
first retains its square geometry and is compatible with the horizontal and vertical structures of
the relevant double bicategories. The second forgets this two-directional organization and produces
a representative of a globular 2-morphism in the localization at weak equivalences. Although the
latter construction does not preserve the composition of squares, it is the form needed to compare
ordinary generalized morphisms in the applications below.

5. Non-abelian gerbes as generalized morphisms

Non-abelian gerbes are categorified versions of principal bundles in which Lie 2-groups play the
role of the structure groups. The various incarnations of this idea have led to multiple definitions
in the literature [ACJ05; BS07; MP11; NW13]. Here we show how two of those definitions may
be formulated and compared directly using the language of double groupoids and (1, 1)-morphisms.
Using our main result, we immediately show that they are different incarnations of generalized
morphisms between manifolds and Lie 2-groups in their simplicial description.

5.1. Abelian gerbes and their generalizations. If T is an abelian Lie group, we may view it
as a double groupoid with both side groupoids being trivial. An abelian T -gerbe on a manifold M
may be viewed as a principal T -bundle over a submersion groupoid P0 ×M P0 ⇒ P0 associated to
a surjective submersion p : P0 → M [BX11]. A morphism between such abelian T -gerbes may be
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described as a (1, 1)-morphism

T ∗ P1 P0 ×M P0 P0 ×M P0

∗ ∗ P0 P0 P0

Q1 Q0 Ω P0 P0

Q0 ×M Q0 Q0 Q0 M M

Q0 ×M Q0 Q0 Q0 M M,

where the identity arrows indicate unit groupoid structures [BX11].
Therefore, by applying Theorem 4.13, we obtain that the generalized morphisms determined by

these T -gerbes are equivalent. This observation leads to rephrasing and proving in a simple way
the equivalence between various notions of abelian gerbes, including their Čech cocycle description.
In this work, we are interested in replacing T with a (strict) Lie 2-group G1 ⇒ G0 and thus, by
making use of the conceptual viewpoint for non-abelian gerbes, we consider a generalized morphism
from a manifold into G. The detailed interpretation of non-abelian gerbes — which were defined as
Lie groupoid extensions in [LSX09] — in terms of a generalized morphism from a manifold into a
Lie 2-group is developed in [GS15]. Additionally, non-abelian gerbes admit two additional models
studied in [NW13] given by principal 2-bundles and groupoid bundle gerbes. Whereas these two
models are related by means of a categorical equivalence, a direct comparison between them when
seen as anafunctors or generalized morphisms was missing and so we provide it here. Compared to
[NW13], we make stricter definitions to make the construction more transparent.

5.2. Groupoid bundle gerbes and principal 2-bundles. There is an equivalence between the
category of strict Lie 2-groups and the category of crossed modules [BS76]. The point of view of
crossed modules is common in the literature about gerbes and so we recall it here.

Definition 5.1. A crossed module (of Lie groups) consists of a pair of Lie groups K and G0, a
Lie group morphism ∂ : K → G0, and a smooth action

G0 ×K → K, (g, k) 7→ gk

by Lie group automorphisms, such that

∂(gk) = g∂(k)g−1, ∂(k)k′ = kk′k−1, ∀k, k′ ∈ K, g ∈ G0;

Let G1 ⇒ G0 be a strict Lie 2-group and let K = ker s, so that G1
∼= K × G0 and ∂ = t|K :

K → G0 is the Lie group morphism underlying the crossed module associated to G. In terms of
this description, the groupoid structure G1 ⇒ G0 is given by the action groupoid with respect to
the action of K on G0 by left translations and so its multiplication is

(k, ∂(k′)g)(k′, g) = (kk′, g), ∀k, k′ ∈ K, g ∈ G0.
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The group structure on G1
∼= K ×G0 is that of a semidirect product, where the multiplication is

(k, g)(k′, g′) = (k(gk′), gg′), ∀k, k′ ∈ K, g, g′ ∈ G0.

Since we may view a Lie 2-group as a double Lie groupoid with a trivial side as in the diagram

G1 ∗

G0 ∗,

the corresponding (1, 0)-morphisms and (0, 1)-morphisms into it are quite different from each other.
We say that a principal 2-bundle is a (1, 0)-morphism from a submersion groupoid into this double
Lie groupoid, on the other hand, we say that a groupoid bundle gerbe is a (0, 1)-morphism from
a submersion groupoid into the same double Lie groupoid. In what follows, we shall see how to pass
from such (1, 0)-morphisms to (0, 1)-morphisms in a way that is mediated by a (1, 1)-morphism.

Remark 5.2. For the sake of clarity, we illustrate the argument below under the simplifying as-
sumption that our principal 2-bundles are defined over unit groupoids rather than over submersion
groupoids. The general case of submersion groupoids (and even that of a base being a general Lie
groupoid) may be treated along similar lines. Also, our notion of groupoid bundle gerbe is a strict
version of the one in [NW13].

Explicitly, a principal (G1 ⇒ G0)-bundle over a manifold M is a Lie groupoid P1 ⇒ P0 equipped
with a left principal action of G1 ⇒ G0 viewed as a double groupoid with trivial side and such that
the quotient is the unit groupoid over M . So we have a principal group action Gi × Pi → Pi at
each level i = 0, 1, and together these actions define a groupoid morphism. We say that this type of
action is a Lie 2-group action. We denote such an action by g · x = gx for all g ∈ G1 and x ∈ P1.

From a Lie 2-group action, we may produce a new principal bundle but now for an action of
G1 ⇒ G0 viewed as a groupoid, which determines a (0, 1)-morphism from a submersion groupoid
to G1 ⇒ G0. This new principal bundle is our desired groupoid bundle gerbe, and its definition
follows [NW13, §7], though we are using slightly different conventions. Consider the semidirect
product groupoid given by G0 acting on P1 ⇒ P0 via the unit inclusion G0 ⊂ G1. Indeed, since
this action is obtained by restriction of a Lie 2-group action to the unit group, it is an action by
groupoid automorphisms, so that we may equip the product (Q1 ⇒ Q0) = (G0 ⋉ P1 ⇒ P0) with
the semidirect product structure maps

t(a, x) = t(x), s(a, x) = a−1
s(x), (a, x)(b, y) = (ab, x(ay)).

Additionally, we have a morphism from this groupoid to the submersion groupoid P0×M P0 ⇒ P0

given by the identity on P0 at level 0 and

Q1 → P0 ×M P0, (a, x) 7→ (t(x), a
−1
s(x)),

at level 1. This groupoid morphism is the quotient map for the action of G1 ⇒ G0 — as a Lie
groupoid — on the projection pr : Q1 → G0, defined by

(k, a) · (a, x) = (∂(k)a, (k
−1,∂(k))x).(24)
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Lemma 5.3. The action (24) defines a morphism of Lie groupoids

G1 ×G0 Q1 → Q1

where we view G1 ×G0 Q1 ⇒ Q0 as a fiber product of the Lie groupoids G1 ⇒ ∗ and Q1 ⇒ Q0 over
s : G1 → G0 and pr : Q1 → G0.

Proof. For clarity, we distinguish different groupoid multiplications by subindices in what follows.
Let (k, g), (k′, g′) ∈ K×G0

∼= G1 and (g, p), (g′, p′) ∈ Q1 be respectively composable. Then we have
that

mQ1((k, g) · (g, p), (k′, g′) · (g′, p′)) =
mQ1((∂(k)g,

(k−1,∂(k))p), (∂(k′)g′, ((k
′)−1,∂(k′))p′)) =

(∂(k)g∂(k′)g′,mP1(
(k−1,∂(k))p, (

∂(k)g(k′)−1,∂(k)g∂(k′))p′)).

But this last expression agrees with the effect of the action on the composition

(k(gk′), gg′) · (gg′, p(gp′)) = (∂(k(gk′))gg′, ((k(
gk′))−1,∂(k)g∂(k′)g−1)(p(gp′))),

as a consequence of the crossed module identities and the fact that

mP1(
(k−1,∂(k))p, (

∂(k)g(k′)−1,∂(k)g∂(k′))p′) = ((k(gk′))−1,∂(k)g∂(k′)g−1)(p(gp′)),

since G1 ⇒ G0 acts on P1 ⇒ P0 by a Lie 2-group action. □

Now we see how to compare this groupoid bundle gerbe with the principal 2-bundle from which
it originated. In the course of the following discussion, 1x stands for the unit inclusion of x ∈ P0.

Proposition 5.4. The Lie groupoids P1 ⇒ P0 and Q1 ⇒ Q0 admit left actions on Ω = P1 defined
as follows:

(25)
αV : P1 ×P0 Ω = P1 ×s,P0,s P1 → P1, (x, y) 7→ yx−1

αH : Q1 ×Q0 Ω = Q1 ×s,P0,t P1 → P1;

where αH is determined by

αH((g, r), p) =

{
gp, if r = g1t(p),

p((k,1)1s(p))
−1, if (g, r) = (∂(k), (k

−1,∂(k))1t(p)).
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Moreover, we have that αH and αV together with the two actions of G1 ⇒ G0 described above
constitute a (1, 1)-morphism

(26)

G1 ∗ P1 M M

G0 ∗ P0 M M

Q1 Q0 Ω M M

P0 ×M P0 P0 P0 M M

P0 ×M P0 P0 P0 M M,

where the quotient map Ω→M is given by sending p to the G0-orbit of t(p).

Proof. Thanks to Lemma 5.3, it only remains to check the compatibility of the actions. Note that
each element in Q1 may be written uniquely as a product of two elements of the following forms

ι1(g, x) = (g, g1x), ι2(k, x) = (∂(k), (k
−1,∂(k))1x);

for some x ∈ P0. Furthermore, the elements of the second kind cover all the isotropy groups in
Q1 ⇒ Q0 and so the expression for ι2 defines a Lie groupoid morphism ι2 : K×P0 → Q1, where we
view K×P0 as a bundle of Lie groups over P0. Similarly, ι1 : G0×P0 → Q1 is a groupoid morphism
with respect to the action groupoid associated to the G0-action on P0. So the formula above is
enough to define αH . We need to verify that this is indeed an action and that it is compatible with
αV . To verify that αH is a well defined action, it is enough to check that factorizing an element in
Q1 as a product of elements in the images of ι1 and ι2 in the two possible orders leads to the same
action on Ω = P1. So consider

sq := ι2(k,
gt(p))ι1(g, t(p)) = ι1(g, t(p))ι2(

g−1
k, t(p)) ∈ Q1

where (k, g) ∈ K ×G0 and p ∈ P1 and use the first factorization to obtain that

αH(ι2(k,
gt(p)), αH(ι1(g, t(p)), p)) = (gp)((k,g)1s(p))

−1.

On the other hand, using the second factorization, we have that

αH(ι1(g, t(p)), αH(ι2(
g−1

k, t(p)), p)) = αH(ι1(g, t(p)), p(
(g

−1
k,1)1s(p))

−1) =

= g(p((
g−1

k,1)1s(p))
−1) = (gp)((k,g)1s(p))

−1;

where we use the fact that G0 acts by automorphisms on P1 ⇒ P0. This confirms that the action
of sq is unambiguously defined and it also implies that αH is an action.

To make the argument clearer, we denote vertical and horizontal actions by concatenation of
boxes in what follows. We may immediately verify the compatibility of the actions in (25) for these
two special situations:
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(1, g) q

ι1(g, t(p)) p

(k′, ∂(k)) q

ι2(k, t(p)) p

where p, q ∈ P1 and k, k′ ∈ K, g ∈ G0. We say that the first diagram is of type I and the second
one of type II. The general case reduces to these two situations by suitable factorizations. In fact,
consider the following diagram

(k, g) q

(g, r) p

=
(1, g′) (k′, ∂(l)) q

ι1(g
′, t(p)) ι2(l, t(p)) p

in which we factorize (g, r) = ι1(g
′, t(p))ι2(l, t(p)) for some (l, g′) ∈ K × G0 and then we express

accordingly (k, g) = (1, g′)(k′, ∂(l)) for some k′ ∈ K. Then, the fact that the action of the last four
squares in the diagram above is well defined follows from the fact that it is a diagram of type II. But
then the action of the elements in the first column on the result of acting with the second column
on the third is

(1, g′)

ι1(g
′, t(p))

(k′,∂(l))q

αH(ι2(l, t(p)), p)

which is also well defined because it is a diagram of type I. This confirms that the starting diagram
determines a well defined action and hence the actions in (25) are compatible and thus we have a
(1, 1)-morphism as required. □

Applying Theorem 4.13 to (26), we obtain the following result.

Corollary 5.5. A principal 2-bundle P = (P1 ⇒ P0) over M with structure 2-group G = (G1 ⇒ G0)
and its associated groupoid bundle gerbe Q = (Q1 ⇒ Q0) determine equivalent anafunctors from
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ĎWM = M to ĎWG:
ĎWP̃ h

M ĎW ˜̃
Ω ĎWG

ĎWQ̃v ×ĎW (P0×MP0)
ĎWP̃0

h

∼ ∼

∼

∼∼

where we use the notation in (26). □

This result is consistent with the modern approach to (non-abelian) cocycles and their equivalence
in terms of 2-morphisms, see e.g. [Wol16, §7] and [NSS15]. Note that the other two models for
non-abelian gerbes compared in [NW13] already have the form of generalized morphisms into the
structure 2-group, being given by non-abelian Cech cocycles or maps into the classifying space of
the Lie 2-group. Therefore, combining these facts with the work in [GS15], all these models of
non-abelian gerbes are unified by the language of 2-morphisms and anafunctors of 2-groupoids.

More importantly, we expect to use Corollary 5.5 for comparing different notions of connections
(or connective structures) and parallel transport for either principal 2-bundles or groupoid bundle
gerbes [ACJ05; BS07; LSX09; MP11], and, therefore, unify their study in higher gauge theory
through the use of simplicial methods, as proposed in [JSW16].

6. Double Morita equivalences from groupoid factorizations and Manin triples

A natural question in Lie theory is how to integrate infinitesimal objects (Lie algebra-like objects)
to global objects, which typically take the form of higher Lie groupoids. In particular, it has been
proposed that Lie bialgebroids [MX94] integrate to symplectic double groupoids [Wei88; LW89].
Such a problem was solved for certain Lie bialgebroids in [Alv23], using ideas coming from shifted
symplectic geometry and recovering a construction of double Lie groupoids which, in its general
form, goes back to [AN09].

On the other hand, symplectic (1, 1)-morphisms were introduced in [ÁGJ24] in order to relate
the different Manin triples arising from a given generalized Kähler manifold. Since Lie bialgebroids
give rise to Manin triples within Courant algebroids [LWX97], we may apply ĎW to a symplectic
double groupoid in order to obtain the integration of the corresponding Courant algebroid [MT11].
Here, we reconcile the integration conducted in [Alv23] with the construction of (1, 1)-morphisms
in the generalized Kähler situation described in [ÁGJ24].

The work in [Alv23] applies to Manin triples sitting inside special Courant algebroids called het-
erotic. A Courant algebroid E over M is heterotic if the transitive Lie algebroid E/ρ∗(T ∗M) is
integrable, where ρ : E → TM is the anchor map, and E is identified with E∗ using its metric.
Consider a pair of Lie groupoids C,D integrating transverse Dirac structures C,D ⊂ E in a het-
erotic Courant algebroid. Then, the main result in [Alv23] shows how to construct a symplectic
double groupoid which integrates the Manin triple (E,C,D). Suppose that we have additional Dirac
structures A,B ⊂ E which are still suitably transverse and possess corresponding integrations A
and B. Our main result in this section relates the corresponding integrations of (E,A,B) and of
(E,C,D).
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Firstly, let us explain the relationship that we assume to exist between (E,A,B) and (E,C,D) at
the infinitesimal level. We may view A,B as determining Maurer–Cartan elements in the differential
graded Lie algebras controlling deformations of C and D as Dirac structures inside E [LWX97].
Relative to E = C⊕D, we write

A = {c+ ε♯(c) : c ∈ C}, ε ∈ Γ(∧2C∗), dCε+
1
2 [ε, ε]D = 0,

B = {π♯(d) + d : d ∈ D}, π ∈ Γ(∧2D∗), dDπ + 1
2 [π, π]C = 0.

Here, we show that the global counterpart of such a pair of infinitesimal deformations is a symplec-
tic (1, 1)-morphism, which then, under ĎW , induces symplectically Morita equivalent integrations of
the same underlying transitive Courant algebroid E. In other words, the main result of this section
is an integration of the infinitesimal diagram of deformations of Dirac structures indicated below:

(E;A,B) (E;C,B)

(E;A,D) (E;C,D)

C⇝A

D⇝B

C⇝A

D⇝B

Note that this diagram generalizes the situation considered in [ÁGJ24, §1] to the case of a tran-
sitive Courant algebroid. We emphasize that our technique of integration is not based on B-field
deformations as in [ÁGJ24] but is instead an extension of the method used in [Alv23].

6.1. (1,1)-morphisms from groupoid factorizations. Let A,B,C,D and K be Lie groupoids
over the same base M and suppose that we have Lie groupoid morphisms ΦA : A→ K, ΦB : B → K,
ΦC : C → K and ΦD : D → K such that the following pairs of morphisms are transverse

(ΦA,ΦB), (ΦB,ΦC), (ΦA,ΦD), (ΦC ,ΦD).

Then we may produce several fiber products using this notation

XW,Z
U,V = {(u, v, w, z) ∈ Us ×t V ×Ws ×t Z | ΦU (u)ΦV (v) = ΦW (w)ΦZ(z)}.(27)
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The natural projection maps give rise to a (1, 1)-morphism of double Lie groupoids

(28)

XB,A
A,B A XB,C

A,B C XB,C
C,B

B M B M B

XB,A
A,D A XB,C

A,D C XB,C
C,D

D M D M D

XD,A
A,D A XD,C

A,D C XD,C
C,D

To explain the actions and groupoid structures therein it is convenient to adopt the matrix notation

(u, v, w, z) =

 w
u z

v

 .

So, for instance, the horizontal multiplication on XB,A
A,B is given by b1

a1 a2
b2

 ⋊⋉

 b′1
a2 a3

b′2

 =

 b1b
′
1

a1 a3
b2b

′
2

 ,

the vertical multiplication is defined by the analogous expression b1
a1 a2

b2

 ⋊⋉

 b2
a′1 a′2

b3

 =

 b1
a1a

′
1 a2a

′
2

b3

 ,

and all the other groupoid structures and actions are defined by formally identical expressions. We
shall say, following [AN09], that a double Lie groupoid is slim if each of its squares is determined by
its boundary, such is the case for X V,U

U,V as in (27). Such a double Lie groupoid is full if the following
map is a surjective submersion

Us ×t V → K, (u, v) 7→ ΦU (u)ΦV (v),

see [AOT12]. In this situation, we say that U and V provide a groupoid factorization for K, see
[AN09; AOT12]. We assume that such a condition is met in what follows; without it, the statements
that follow still admit natural local versions.

Proposition 6.1. The diagram in (28) is a (1, 1)-morphism in which all the generalized morphisms
are Morita equivalences.
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Proof. The defining equations of the spaces XW,Z
U,V are preserved by the componentwise groupoid

multiplications, since all the maps ΦU are Lie groupoid morphisms. Hence, the actions above are well
defined, and their associativity and mutual commutativity follow directly from the corresponding
properties of the groupoid multiplications.

The fullness assumptions ensure that the relevant moment maps are surjective submersions.
Moreover, every action is principal since it is determined by groupoid multiplication on either A,B,C
or D. Thus all the bibundles are biprincipal, and hence define Morita equivalences. Therefore, (28)
is a (1, 1)-morphism with the asserted properties. □

As a consequence, the Lie 2-groupoids obtained by applying ĎW to (28) are related by a (1, 1)-
morphism of Lie 2-groupoids. In what follows we outline a consequence of this observation in the
context of the integration of Manin triples by symplectic double groupoids.

6.2. Integration of Manin triples and symplectic (1,1)-morphisms. Suppose that the Lie
groupoids A,B,C,D are respective integrations of Dirac structures A,B,C,D inside a transitive
Courant algebroid E →M satisfying the transversality condition

E = A⊕B = B⊕ C = A⊕D = C⊕D;

and further suppose that K is an integration of the Lie algebroid E/ρ∗(T ∗M), see [Alv23] for
a detailed discussion. The double groupoids defined therein are exactly given by the construction
described above, but, in addition, they are equipped with symplectic structures, as explained below.
In fact, (28) may be rendered into a symplectic (1, 1)-morphism in this situation. To that end,
it is enough to equip the spaces XW,Z

U,V with suitable symplectic forms. Recall that if G ⇒ S is a
groupoid equipped with a symplectic form and P is a symplectic manifold, an action of G on a map
P → S is symplectic if its graph is Lagrangian in G× P × P , where the overline means that the
symplectic form is taken with a sign on that factor. In particular, a symplectic form ω (or just a
2-form) on G is multiplicative if the action of G on itself by left multiplication is symplectic (for a
possibly degenerate 2-form, the multiplicativity condition is δω = 0, for δ the simplicial differential).

Definition 6.2 (Symplectic (1, 1)-morphism [ÁGJ24]). A (1, 1)-morphism is symplectic if its
four corner double Lie groupoids are symplectic double groupoids, its four edge groupoids are
symplectic groupoids, its central manifold is symplectic, and every groupoid and double-groupoid
action appearing in its defining diagram is symplectic.

Recall that the Bott-Shulman-Stasheff double complex of a simplicial manifold X• is given by
the complexes of differential forms on each degree: (Ωm(Xn), d, δ). where d is the de Rham differ-
ential and δ is the simplicial differential. In the situation at hand, there is a distinguished closed
element ω1 + ω2 on (Ωm(Kn), d, δ) which classifies a certain multiplicative Courant algebroid (or
CA-groupoid) over K as in [Alv23, Thm. 3.5], where ω1 ∈ Ω3(K) and ω2 ∈ Ω2(K2).8 This Courant
algebroid is TK⊕T ∗K with the bracket twisted by ω1 and with its standard multiplication deformed
by ω2. These differential forms are obtained by splitting the (exact) action Courant algebroid de-
termined by E×E acting on the anchor morphism (t, s) : K →M ×M , where this action Courant
algebroid structure is defined on t∗E⊕ s∗E, see [Alv23, Thm. 3.5] (we don’t specify the signs of the
pairing on E×E for simplicity). So, a choice of splitting identifies t∗E⊕ s∗E with TK⊕T ∗K and,

8In this notation K2 := K(2) = K ×s,M,t K, K1 := K, and K0 = M .
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in terms of this splitting, the graph of the natural groupoid multiplication on t∗E ⊕ s∗E becomes
the graph of ω2, see [Alv23, Prop. 2.3, Thm. 2.8].

On the other hand, under natural connectivity assumptions, A,B,C,D may be equipped with
respective 2-forms σA, σB, σC , σD which serve as respective primitives for the pullbacks of ω1 + ω2

along ΦA,ΦB,ΦC ,ΦD and satisfy a certain nondegeneracy condition making them into 2-shifted
lagrangian structures [Alv23, §4.2]. We denote the component projections on XW,Z

U,V by

πU , πV , πW , πZ ,

and the induced maps to K2 by

qU,V := (ΦU ◦ πU ,ΦV ◦ πV ), qW,Z := (ΦW ◦ πW ,ΦZ ◦ πZ).
These maps allow us to define the 2-form on XW,Z

U,V by

(29) ωW,Z
U,V = π∗

UσU − π∗
ZσZ − π∗

WσW + π∗
V σV − q∗U,V ω2 + q∗W,Zω2.

To show nondegeneracy of this 2-form we use the following lemma.

Lemma 6.3. Let (G,ωG)⇒M and (H,ωH)⇒ N be symplectic groupoids, and let P be a biprincipal
G–H bibundle equipped with a 2-form ωP . If the graphs of the left and right actions are isotropic
with respect to the corresponding product forms, then ωP is nondegenerate.

Proof. Consider the Lie groupoid

L(P ) = G ⊔ P ⊔ P op ⊔H ⇒M ⊔N,

whose multiplication is determined by the two actions and by the division maps associated with the
biprincipal structure, so we denote by P op the bibundle P but regarded as the inverse of P . Define
Ω ∈ Ω2(L(P )) by

Ω|G = ωG, Ω|P = ωP , Ω|P op = −ωP , Ω|H = ωH .

The fact that the graphs of the actions on P are isotropic implies that Ω is multiplicative on P ;
whereas multiplicativity on P op follows by inversion. Similarly, principality gives us that Ω is
multiplicative with respect to the division maps P ×N P op → G and P op ×M P → H.

A multiplicative 2-form is globally nondegenerate whenever it is nondegenerate along the tangent
bundle restricted to the unit submanifold. Consequently, Ω is nondegenerate, and so is its restriction
ωP to P . □

Theorem 6.4. The 2-forms introduced above are symplectic and make (28) into a symplectic (1, 1)-
morphism.

Proof. It is immediate to check that (29) is closed. A similar calculation to the one in [Alv23, Prop.
4.8, (2)] shows that the graphs of the corresponding (double) groupoid actions are isotropic.

By [Alv23, Theorem 4.10], the forms on the four corner double groupoids are nondegenerate.
Since the four boundary bibundles are biprincipal, Lemma 6.3 implies that their 2-forms are non-
degenerate. The central space is likewise a biprincipal bibundle between the resulting symplectic
boundary groupoids, so a second application of Lemma 6.3 proves that its 2-form is nondegenerate
as well.

Thus, all the forms in (29) are symplectic and all the actions are symplectic. Hence, (28) becomes
a symplectic (1, 1)-morphism. □
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Example 6.5. A particular case of this construction arises when E is an exact Courant algebroid
and hence K may be chosen as the pair groupoid over M equipped with the forms ω2 = 0 and
ω1 = t∗H − s∗H, for H ∈ Ω3(M) closed such that [H] is the Ševera class of E. The morphisms
ΦA,ΦB,ΦC and ΦD are then the respective anchor morphisms consisting of the respective source
and target combined. This is the relevant case for generalized Kähler geometry, and Theorem 6.4
recovers (part of) [ÁGJ24, Prop. 3.7] when the relevant double Lie groupoids are of the form (27)
for K the pair groupoid over M .

As shown in [Alv23; MT11], ĎW takes symplectic double groupoids to 2-shifted symplectic (lo-
cal) Lie 2-groupoids. In our case, ĎW produces 2-shifted symplectic 2-groupoids, integrating the
background Courant algebroids. Since (28) consists of Morita equivalences, these Lie 2-groupoids
are related by hypercovers, and so we have that integrating different choices of Manin triples in the
same transitive Courant algebroid by the method proposed in [Alv23, Thm. 4.10] produces 2-shifted
symplectic Lie 2-groupoids, which are equivalent by means of the anafunctors on the boundary of
the following diagram:(

WXB,A
A,B ,W

∗
ωB,A
A,B

) (
W X̃B,C

A,B ,W
∗
ω̃B,C
A,B

) (
WXB,C

C,B ,W
∗
ωB,C
C,B

)
(
W X̃B,A

A,D ,W
∗
ω̃B,A
A,D

) (
W

˜̃XB,C

A,D,W
∗ ˜̃ωB,C

A,D

) (
W X̃B,C

C,D ,W
∗
ω̃B,C
C,D

)
(
WXD,A

A,D ,W
∗
ωD,A
A,D

) (
W X̃D,C

A,D ,W
∗
ω̃D,C
A,D

) (
WXD,C

C,D ,W
∗
ωD,C
C,D

)
,

∼
∼

∼

∼

∼

∼
∼

∼

∼

∼

∼
∼

where the 2-forms therein are simply obtained by pulling back the corresponding symplectic forms
given by (29). As a consequence of [Alv23, Lemma 4.20], each of the anafunctors on the boundary
of this diagram is a symplectic Morita equivalence as in [CZ23]. Since the corners of this diagram
integrate the background Courant algebroid E, this diagram illustrates the way in which such
integrations depend on the choice of the underlying Manin triple.

Corollary 6.6. The 2-shifted symplectic Lie 2-groupoids WXB,A
A,B , WXB,C

C,B , WXD,A
A,D and WXD,C

C,D

are symplectically Morita equivalent. □

Further aspects of this diagram in the context of shifted symplectic geometry shall be studied in
future work.

Remark 6.7 (Double groupoid extensions and cocycles). As shown in [AN09], every discrete double
groupoid is an extension of a slim double groupoid by a bundle of abelian groups and these extensions
are described by certain double cocycles. For example, let T be an abelian Lie group and suppose
that γv : (XB,A

A,B )1,2 → T and γh : (XB,A
A,B )2,1 → T are normalized 2-cocycles satisfying

δvγh = δhγv

where δv, δh are the corresponding vertical and horizontal simplicial differentials on the nerve of

XB,A
A,B . Then we may extend XB,A

A,B by T as follows: we have that zXB,A
A,B = XB,A

A,B × T is a double
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Lie groupoid equipped with the two multiplications respectively deformed by γh, γv. If XB,A
A,B sits

inside a (1, 1)-morphism as in (28), we may then convert it into a 2-morphism of anafunctors of Lie
2-groupoids using Theorem 4.13 and use the Morita invariance of cohomology to transfer the class
of [γh + γv] across the boundary of the 2-morphism, determining now 2-groupoid extensions. The
relevance for prequantization of this fact and the promotion of (28) to double groupoid extensions
shall appear in future work.
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